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Abstract. The notion of derivatives for smooth representations of GL(n, Q p ) was defined in IBZ77I . In 
the archimedean case, an analog of the highest derivative was defined for irreducible unitary representa- 
tions in ISah89l and called the "adduced" representation. In this paper we define derivatives of all order 
for smooth admissible Frechet representations (of moderate growth). The real case is more problematic 
than the p-adic case; for example arbitrary derivatives need not be admissible. However, the highest 
derivative continues being admissible, and for irreducible unitarizable representations coincides with the 
space of smooth vectors of the adduced representation. 
O |i We prove exactness of the highest derivative functor, and compute highest derivatives of all monomial 

^ ' representations. We apply those results to finish the computation of adduced representations for all 

irreducible unitary representations and to prove uniqueness of degenerate Whittaker models for unitary 
^ _ ^ , representations, thus completing the results of ISah89l ISah90l fSaSt90l IGSI . 
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1. Introduction 

The notion of derivative was first defined in |BZ77j for smooth representations of G n = GL(n) over 
non-archimcdean fields and became a crucial tool in the study of this category. The purpose of the present 
paper is to transfer part of this construction to the archimedcan case. 

The definition of derivative is based on the "mirabolic" subgroup P n of G n consisting of matrices with 
last row (0, . . . , 0, 1). The unipotent radical of this subgroup is an (n — l)-dimensional linear space that 
we denote V n , and the reductive quotient is G n -i- The group G n -\ has 2 orbits on V n and hence also 
on V*: the zero and the non-zero orbit. The stabilizer in G n ~i of a non-trivial character ifi of V n is 
isomorphic to P n -\. 

The construction of derivative in |BZ77j is based on two functors: $~ and , 3>~. In this paper we 
denote those functors just by <& and \& . The functor \& goes from the category of smooth representations 
of the mirabolic group P n to the category of smooth representations of G„_i (for each n) and <I> goes 
from the category of smooth representations of P n to the category of smooth representations of P n -i- 
The functor if? is the functor of (normalized) coinvariants with respect to V n and the functor $ is the 
functor of (normalized) co-cquivariants with respect to (V n ,ip). The functor of fc-th derivative is defined 
to be the composition \& o <j>' c_1 . 

Another way to describe those two functors is via the equivalence of categories of the smooth repre- 
sentations of P n and the category of G„_i-equivariant sheaves on V*. This equivalence is based on the 
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Fourier transform. Under this equivalence, VP becomes the fiber at and $ becomes the fiber at the 
point t/j. The functor $ can also be viewed as the composition of two functors: restriction to the open 
orbit and an equivalence of categories between equivariant sheaves on the orbit and representations of 
the stabilizer of a point. 

In the archimcdean case, the notion of fiber of a sheaf behaves differently than in the non-archimcdean 
case; in particular it is not exact. One way to deal with this problem is to consider instead the notion of 
a stalk or a jet. On the level of representations this means that one uses generalized coinvariants instead 
of usual coinvariants. For example, the Casselman-Jacquet functor is defined in this way. Therefore in 
our definition wc replace the functor \E' by the functor of generalized coinvariants. However, we do not 
change the definition of the functor $ since we think of it as restriction to an open set followed by an 
equivalence of categories, and in particular it should be exact. 

This gives the following definition of derivative. Let ij) n be the standard non-degenerate character 
of V n , given by ip n (xi, ■ ■ ■ ,x n -i) := exp(\/— lit Re x n -i)- We will also denote by ijj n the corresponding 
character of the Lie algebra t> n . For all n and for all representations tt of p n , we define 

$(7r) := | det |~ 1/2 <g) 7T( ttn) ^, n ) := | det |~ 1/2 <g> 7r/Span{o;w - ^ n (a)v : v € tt, a € 0„} 

and 

*(tt) := Iim7r/Span{^|w € TT,f3 € (v n )® 1 }. 
I 

Now, define D k (Tr) := *$ fc - 1 ( 7r )- 

Consider the case k = n; in this case the derivative becomes the (dual) Whittaker functor. It is 
well known that the behavior of the Whittaker functor depends on the category of representations that 
we consider. For example in the category of Harish-Chandra modules the Whittaker functor gives high 
dimensional vector spaces while in the equivalent category of smooth admissible Frechet representations 
the Whittaker functor gives vector spaces of dimension < 1 just as in the non-archimcdean case. For this 
reason we view the functor D k restricted to the category of smooth admissible Frechet representations 
as the natural counterpart of the Bernstein-Zelevinsky derivative. 

Nevertheless in order to study this functor we will need to consider also the category of Harish-Chandra 
modules as well as some other related functors. 

In the non-archimedean case the highest non-zero derivative plays a special role. It has better properties 
than the other derivatives. In particular in its definition one can omit the last step of ^ since V n -k already 
acts trivially on the obtained representation. The index of the highest derivative is called the depth of 
the representation. As observed in |GSj the depth can also be described in terms of the wavefront set of 
the representation. 

In the archimcdean case the wavefront set of a representation tt is determined by its annihilator variety, 
and we will use the latter to define "depth" . We recall that if tt is an admissible representation of G n 
then its annihilator variety V w is a subset of the cone of nilpotent n x n matrices. We define the depth 
of tt to be the smallest index d such that X d = for all X <G V w . 

Example. 

(1) For a finite dimensional representation tt of G n , depth(rr) = 1, -D 1 (7r) = $(7t)|g„_i = i"|G n _u 
and D k {rr) = for any k > 1. 

(2) D n = (<&) n_1 is the Whittaker functor. On the category of smooth admissible Frechet represen- 
tations it is proven to be exact in |CHM00] and in the category of admissible Harish-Chandra 
modules in |Kos78j . It is also proven in |Kos78j that depth(rr) = n if and only if D u (tt) ^ (in 
both categories). 

From now on, let F be an archimedean local field and G n := GL(n, F). 

In this paper we will mainly be interested in the depth derivative. The following theorem summarizes 
the main results of this paper. 

Theorem A. Let A^oo(G„) denote the category of smooth admissible Frechet representations of moderate 
growth and let A'l^ (G rt ) denote the subcategory of representations of depth < d. Then 

(1) D d defines a functor M^Gn) -> M^Gn-d). 
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(2) The functor D d : Mi,(G n ) -> Moo(G n -d) is exact. 

(3) For any n G M*,{G n ), D d (n) = ($) d " x W- 

(4) £)fe |A41(G„) = for any k > d. 

( 5) Let n = ni + ■ ■ ■ + rid & n d let x% be characters of G rii . Let n = xi X • • • x Xd € ■A / J c i(G rl ) denote 
the corresponding monomial representation. Then 

^M~((Yl)| G „ 1 _ 1 X...x( Xd )| G „ d _ 1 ) 

(6) If t is an irreducible unitary representation of G n and t°° has depth d then D d (T°°) = (At) 00 , 
where At denotes the adduced representation defined in |Sah89] (see §§j |^. _?.#[ ). 

Remark. 

(i) Part (0) of the theorem means that t) n -d+i acts nilpotently on ($) d_1 (7r). Unlike the p-adic case, 

V n -d+i need not act trivially on ($) d ~ 1 (7r). 
(ii) In this paper we do not prove that for tt of depth d, D d (n) ^ 0. This is in fact true but needs an 

additional argument which will be provided in }GS2j . However, for ir monomial or unitarizable it 

follows from parts §5§ and of Theorem [3] respectively, 
(in) We prove analogs of items (QJ), and Q) of the theorem also for the category of Harish- Chandra 

modules. 

1.1. Related results. 

As was mentioned earlier, the non-archimedean counterpart of this paper was done in }BZ77j . In the 
archimedean case, an analogous notion to the notion of highest derivative was introduced for irreducible 
unitary representations in |Sah89j and called "adduced representation" . 

The case of smooth representations over archimedean fields differs from the above cases in several 
ways. First of all, we do not have a suitable category of representations of P n . The existence of such a 
category in other cases was crucial for the study of derivatives. 

Another difference is the relation between the derivative and the classification of irreducible representa- 
tions. In the non-archimedcan case, the theory of derivatives was the base for the Zelevinsky classification. 
In the unitary case, the notion of adduced representation is closely related with the Vogan classification 
(see §§gHJand §§gX3|). 

In our case, we do not currently have a classification that is suitable for the theory of derivatives. 
The Langlands classification is not compatible with the notion of derivative. In particular, it is hard to 
read from the Langlands classification the annihilator variety or even the depth of the representation, 
which are crucial notions in the study of derivatives. We hope that eventually it will be possible to make 
an archimedean analog of the Zelevinsky classification. However, it seems to be quite difficult. Let us 
explain why. 

The Langlands classification presents any irreducible representation as a "smallest" subquotient of a 
parabolic induction of a discrete series representation. In the non-archimedean case the discrete series rep- 
resentations can be presented as "largest" subquotients of parabolic induction of cuspidal representations. 
The Zelevinsky classification is dual (under the Zelevinsky involution) to the Langlands classification. 
Namely, the Zelevinsky classification presents any irreducible representation as a "largest" subquotient 
of a generalized Speh representation corresponding to a segment of cuspidal representations and any such 
Speh representation as a "smallest" subquotient of a parabolic induction of a cuspidal representation. 

Such a nice picture cannot exist in the archimedean case or even in the complex case. Indeed, in 
this case only G\ has discrete series representations. Thus one would expect that the natural analog of 
generalized Speh representation as above exists only for G\. Thus, the naive analogy would suggest that 
any irreducible representation is the "largest" subquotient of a principal series representation. This is 
not true. Moreover, it is even not true that any irreducible representation is the "largest" subquotient 
of a monomial representation (i.e. a Bernstein- Zelevinsky product of characters), or even the "largest" 
subquotient of a BZ-product of finite-dimensional representations. 

The n-th derivative of representations of G n is the Whittaker functor. Thus, a special case of Theorem 
|A1 implies that the Whittaker functor is exact and maps a principal series representation to a one- 
dimensional space. This is known for any quasi-split reductive group by |Kos78] and |CHM00j . 
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1.2. Structure of our proof. 

We start working in the Harish-Chandra category. We show that for a Harish- Chandra module w of depth 
d, D d (n) is an admissible Harish-Chandra module over G n -d- From this we deduce that D d (jr) = $ d-1 (7r) 
and D k (n) = for any k > d. 

Then we analyze the functor $ fc as a functor from A / l 00 (G' n ) to the category of representations of 
pn-k- We prove that it is exact and for any it £ A4oo(G n ), 3> fe (7r) is a Hausdorff space. This means that 
Un(ir <g> ip k ) is a closed subspace. In fact, we prove those statements for a wider class of representations 
of p n . 

Then we deduce items (HJ)- (J4j) of Theorem |X] from the above results. 

We prove §5$ by computing on certain representations of p„ using the results on exactness and 

Hausdorffness of $ for those representations. 

Finally, we prove (J^J) using ((J)-©, |GSj . and the Vogan classification. 

1.2.1. Admissibility. Let n n denote the Lie algebra of upper triangular nilpotent n x n matrices. A 
Harish-Chandra module 7r is admissible if and only if it is finitely generated over n ra (see Theorem l2.2.2[) . 
Thus, we know that $ d_1 (7r) is finitely generated over n n -d+i and we need to show that it is in fact 
finitely generated over n n -d- 

To do that we use two invariants of modules over Lie algebras: annihilator variety (see I2.3[) and 
associated variety (see 15 .2p . Both are analogs of the notion of support of a module over a commutative 
algebra. Both arc subvarietics of the dual space to the Lie algebra, and the annihilator variety includes 
the associated variety. The definition of the associated variety requires the module to be filtered, but the 
resulting variety docs not depend on the choice of a good filtration on the module. 

To prove that $ d_1 (7r) is finitely generated over n n -d we show that the associated variety of <J> d-1 (7r), 
viewed as a module over n„_d+i, is included in n*_ d . Using a lemma that we prove in § 35.51 we deduce 
this from the bound on the annihilator variety of 7r that we have by definition of the depth of it. 

1.2.2. Exactness and Hausdorffness. It turns out to be convenient to prove the exactness and the Haus- 
dorffness together. Let us describe the proof of exactness, and the proof of Hausdorffness will be incor- 
porated into this argument. 

The ideas of the proof come from two sources: the proof of the case k = n given in |CHM00j and the 
analogy with the p-adic case, where one can use the language of equivariant Z-sheaves. 

In |CHM00| , the first step of the proof is reduction to the statement that the principal series represen- 
tations are acyclic, using the Casselman embedding theorem. This step works in our case as well. Then 
in |CHM00j they prove that the principal series representations are acyclic by decomposing them with 
respect to the decomposition of the flag variety into t/™ orbits. In their case, there is a finite number of 
J7™ orbits and each orbit corresponds to an acyclic representation. In our case, has infinitely many 
orbits on the flag variety and some of them give rise to non-acyclic representations. 

Eventually we show that these problematic orbits do not contribute to the higher (u„, ?/>^)-cohomologies 
of principal series since they are immersed in smooth families of orbits most of which give rise to acyclic 
representations. It is difficult to see that directly, therefore we turn to the strategy inspired by equivariant 
sheaves. 

If we had a nice category of P„-representations, which like in the p-adic case was equivalent to a nice 
category of G n — l -equivariant sheaves on V*, then the functor $ would be a composition of a restriction 
to an open set and an equivalence of categories, and thus it should be exact. Unfortunately it seems 
too hard at this point to define such categories. Rather than doing this we define a certain class of 
P„-representations. Wc define it using specific examples and constructions and not by demanding certain 
properties. Wc do not view this class as a "nice category of representation of P„" , in particular we do 
not analyze it using equivariant sheaves. However it is sufficient for the proof of exactness. Namely we 
prove that this class includes the principal series representations of G n . Wc prove that it is closed under 
$. Finally, we prove that its objects are acyclic with respect to <£>. 

In order to do this we develop some tools for computing the homology of representations constructed 
in a geometric way. 
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1.2.3. Depth derivative of monomial representations. In the non-archimedean case, |BZ77] provides a 
description of any derivative of a Bernstein- Zelevinsky product pi x p 2 in terms of derivatives of p\ and 
P2- In particular, this description says that the highest derivative of a product is the product of highest 
derivatives. This immediately implies the natural analog of Theorem [21 ©. This description is proved 
using geometric analysis of the Bernstein-Zelevinsky product as the space of sections of the corresponding 
sheaf on the corresponding Grassmanian. 

This method is hard to translate to the archimedean case for the following reasons. 

• The analogous statement for the derivative as we defined it here does not hold. If we would not 
replace the functor of coinvariants by the functor of generalized coinvariants then the analogous 
statement might hold. However, we would lose the exactness, which played a crucial role in the 
proof in |BZT7j . 

• We do not have an appropriate language of infinite-dimensional sheaves. 

For these reasons, we prove a product formula only for the depth derivatives, and only for products 
of characters. The drawback of that approach is that we have to consider product of more than two 
characters. 

We prove the product formula using the geometric description of monomial representations. More 
specifically, we decompose the corresponding flag variety into P„-orbits. This decomposition gives a 
filtration of the monomial representation. We compute the functor $ on each of the associated graded 
pieces in geometric terms, and use the exactness of $ to proceed by induction. 

1.3. Applications. 

1.3.1. Degenerate Whittaker models. Let N n < G n be the nilradical of a Borel subgroup. Let \ be any 
unitary character of N n . A (degenerate) Whittaker functional on a smooth representation of G n is an 
(N n , x)-equivariant functional. Such functionals were studied in |GS| . In particular, |GSj associates a 
character Xtt of N n to any irreducible representation 7r, using the annihilator variety of it and proves 
existence of the corresponding degenerate Whittaker functionals for unitarizablc it. In this paper we 
deduce uniqueness of those functionals from Theorem [X] 

1.3.2. Adduced representations. In Sah89, Sah90, SaSt90 adduced representations were computed for 
characters, Stein complementary series and Speh representations. Moreover it was proven that adduced 
representation of a Bernstein-Zelevinsky product is the product of the corresponding adduced represen- 
tations. Thus, by Vogan classification, the task of computing adduced representations was reduced to the 
case of Speh complementary series. In this paper we perform this computation, based on Theorem lAl 

1.3.3. Future applications. In [CPS] . Cogdcll and Piatctski-Shapiro use Bernstein-Zelevinsky derivatives 
to compute local Rankin-Sclbcrg integrals for GL n x GL m over p-adic fields. Hopefully, the derivatives 
defined in this paper can be used to compute Rankin-Sclbcrg integrals at the archimedean place in a 
similar way. J. Cogdell has informed us that this is being investigated by his student J. Chai in his PhD 
thesis at Ohio State University. 

1.4. Tools developed in this paper. 

1.4.1. A bound on annihilator variety in terms of coinvariants. In order to prove the admissibility of the 
depth's derivative we need to show a certain bound on its associated variety. For this we analyze the 
following situation: Let t)i < t)2 < Q be Lie algebras. Let ip be a character of f)i that is stabilized by f)2 
and let 7r be a filtered g-module. We have certain bounds on the annihilator variety of 7r in q* and we 
are interested in the associated variety of in (fji/fo)*- 

In § £15.51 we provide some bounds on this associated variety under certain technical assumptions. 
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1.4.2. The relative Shapiro lemma. In the proof of the exactness of the derivatives we are interested in 
the study of homology of representations of the following type. Let a real algebraic group G act on a 
real algebraic manifold X, and let £ be a G-equivariant bundle over X. Consider the space S(X,£) of 
Schwartz sections of this bundle (see Sj6j. This is a representation of G. For technical reasons we prefer 
to study Lie algebra homology rather than Lie group homology. Thus we will impose some homotopic 
assumptions on G and X so that there will be no difference. In the case when X is homogeneous, 
i.e. X = G/H, a version of the Shapiro Lemma states, under suitable homotopic and unimodularity 
assumptions on G and H, that H.*(g,S(X,£)) — H*(f), £[i]), where denotes the fiber of £ at the class 
of 1 in G/H (cf. |AG10p . 

In Appendix [21 we prove a generalization of this statement to the relative case. Namely, let G act on 
X x Y and £ be a G-equivariant bundle over X x Y. Suppose that X = G/H. Then, under the same 
assumptions on G and H , we have 

H*( fl ,«S(X x Y,£)) = H,(J,,5([1] x Y,£ [1]xY )). 

For the zero homology this statement is in fact Frobenius descent (cf. |AG09[ Appendix B.3]). 

1.4.3. Homology of families of characters. In the proof of the exactness of the derivatives, we use the 
relative Shapiro lemma to reduce to the study of H*(g,<S(X, £)), where the action of G on X is trivial. 
Moreover, in our case £ is a line bundle and g is abelian. In i JlOl we prove that S(X, £) is acyclic and 
compute Hq(q,S(X,£)) under certain conditions on the action of G on £ . 

1.4.4. Tempered equivariant bundles. Since we discuss non-algebraic (e.g. unitary) characters, it might 
become necessary to consider non-algebraic geometric objects. We tried to avoid that, but had to consider 
vector bundles of algebraic nature with a non-algebraic action of a group. A similar difficulty arose in 
[AG| . and the notion of tempered equivariant bundle was defined in order to deal with it. In this paper 
we develop more tools to work with such bundles. 

1.5. Structure of the paper. 

In Sj2]we give the necessary preliminaries on Harish- Chandra modules, admissible smooth representations, 
annihilator varieties and Bernstein- Zelevinsky product. 

In fJ3]we formulate the main results and prove some implications between them. We reduce Theorem 
lAl to three statements: admissibility of the depth derivative in the Harish-Chandra category, exactness 
and Hausdorffhess of $> k in the smooth category, and computation of the depth derivative of monomial 
representations in the smooth category. 

In 2] we discuss the relation of the notion of depth derivative to the notion of adduced representation 
and deduce the applications discussed in § fll.3l We also provide the necessary preliminaries on the Vogan 
classification, adduced representations and degenerate Whittakcr models. 

In [J5] we prove admissibility of the depth derivative in the Harish-Chandra category. This section is 
purely algebraic. In l5.1l we give an overview of the proof. In S fl5.2l we give some preliminaries on nitrations 
and associated varieties. In Ej fl5.3H5.5l we formulate and prove a result (the algebraic key lemma) that 
connects the annihilator variety of a representation n to the associated variety of co-equivariants of tt 
with respect to a certain subalgebra and its character. In § fl5.6l we deduce the admissibility from the 
algebraic key lemma. 

The proof of exactness and Hausdorffncss of <J> fc and the computation of the depth derivative of the 
monomial representations are based on the theory of Schwartz functions on Nash manifolds. In ij6]we 
review this theory, including the notion of equivariant tempered bundle. 

In |}7] we prove that <E> fc is exact functor on the category of smooth admissible representations and 
that <I> fe (7r) is Hausdorff for any reducible smooth admissible representation tt. In ij fl7.ll we introduce 
the class of good representations of p„. The construction of this class is based on representations with 
simple geometric descriptions that we call geometric representations. We prove that this class includes 
the principal series representations of G n , is closed under $ and that its objects are acyclic with respect 
to <&. In order to prove the last two statements we use Lemma [7. 1.11 (the analytic key lemma), which is 
proved in flTUl 



8 



AVRAHAM AIZENBUD, DMITRY GOUREVITCH, AND SIDDHARTHA SAHI 



In Sj5]we compute the depth derivative of a monomial representation. This computation is based on 
the computation of certain geometric representations. We formulate the results of this computation in 
§$E31 an d prove them in ^9.91 

In fj9]we give the postponed proofs of the technical lemmas that were used in sections [3j [7J and [8] For 
this we need some preliminaries on homological algebra, topological linear spaces and Schwartz functions 
on Nash manifolds, which we give in subsections 19.21 HP1 and 19.61 

In H10\ we prove the analytic key lemma (Lemma 17.1. ID . 

In Appendix [Al we prove a version of the Shapiro lemma which is crucial for the proof of Lcmma l7.1.11 
In Appendix 151 we present a proof of Proposition 15 .2 . 7l which is an important tool for using nitrations 

on g„-modules. This proposition was proven by O. Gabber and written in the unpublished lecture notes 

[Jos80j . We present a proof here for the sake of completeness. 

1.6. Acknowledgements. We cordially thank Semyon Alesker, Joseph Bernstein, Jim Cogdcll, Maria 
Gorclik, Anthony Joseph, Peter Trapa and David Vogan for fruitful discussions. 
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Planck Institute for Mathematics (MPIM) in Bonn. The authors would like to thank the organizers of 
the programm, Bcrnhard Kroetz, Eitan Sayag and Henrik Schlichtkrull, and the administration of the 
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2. Preliminaries 

2.1. Notation and conventions. 

• We will denote real algebraic groups by capital Latin letters and their complexified Lie algebras 
by small Gothic letters. 

• Let g be a complex Lie algebra. We denote by M(g) the category of (arbitrary) g-modules. Let 
•0 be a character of g. For a module M g -M(g) denote by M a the space of g-invariants, by M 3 '^ 
the space of (g, VO-equivariants, by M g the space of coinvariants, i.e. M g :~ M/qM and by M g ^ 
the space of (g,f/;)-coequivariants, i.e. M g ^ := (M <E) (— "4>)) s - 

• We also denote by M gen ^ g the space of the generalized co-invariants, i.e. 

Mgen, 3 = limA//Span({au | v € M,a <G (fl)®*}). 

i 

• By a composition of n we mean a tuple (n\ , . . . , n^) of natural numbers such that ri\+- ■ -+nk = n. 
By a partition we mean a composition which is non- increasing, i.e. n\ > • • • > n^. 

• For a composition A = (ni, . . . , n^) of n we denote by Pa the corresponding block-upper triangular 
parabolic subgroup of G n . For example, P(i.... i i) = B n denotes the standard Borel subgroup, 
P{n) = G n and P( n —i,i) denotes the standard maximal parabolic subgroup that includes P n . 

2.2. Harish-Chandra modules and smooth representations. In this subsection we fix a real re- 
ductive group G, a minimal parabolic subgroup of P C G, and let TV denote the nilradical of P. We also 
fix a maximal compact subgroup K C G. Let g, n, t denote the complexified Lie algebras of G,N,K, and 
let Z G := U{q) g . 

Definition 2.2.1. A (g, K)-module is a Q-module -k with a locally finite action of K such the two induced 
actions oft coincide and ir(ad(k)(X)) = 7r(fc)7r(X)7r(fc _1 ) for any k G K and X £ g. 

A finitely-generated (g, K) -module is called admissible if any representation of K appears in it with 
finite ( or zero ) multiplicity. 

Theorem 2.2.2 (Harish-Chandra, Osborne, Stafford, Wallach). Let it be a finitely generated (q,K)- 
module. Then the following properties of 7r are equivalent. 

(1) tt is admissible. 

(2) 7r has finite length. 

(3) ir is Z(j-finite. 

(4) 7r is finitely generated over n. 



DERIVATIVES FOR REPRESENTATIONS OF GL(n,l) AND GL(n,C) 



9 



The implications ([D © and © => © are proven using the Casselman-Jacquet functor, see jWa.1 188 , 
§§4.2]. The implication © =>■ © follows from Schur's Lemma, and the implication © © is proven 
in |Wall88l §§3.7] 

Notation 2.2.3. For a real reductive group G we denote by g its complexified Lie algebra, by M(q) 
the category of Q-modules, by M. 00(G) the category of smooth admissible Frechet representations of G of 
moderate growth and by Mhc(G) the category of admissible Harish- Chandra modules. Note that both 
■M.oo(G) and M.hc{G) are naturally subcategories of M.(q). We denote by HC : A4oo(G) — > M.hc(G) 
the functor of K -finite vectors. 

Theorem 2.2.4 (Casselman-Wallach, see jWa!192j . §§§11.6.8). The functor HC : Moo(G) -> M H c(G) 
is an equivalence of categories. 

In fact, Casselman and Wallach construct an inverse functor F : M. HC (G) — > A4oo(G), that is called 
Casselman-Wallach globalization functor (see |Wall921 Chapter 11] or |Cas89j or, for a different approach, 

EH)- 

Corollary 2.2.5. 

(i) The category M. 00(G) is abelian. 
(ii) Any morphism in M. 00(G) has closed image. 

Proof. @ The category M.hc(G) is clearly abelian and by the theorem it is equivalent to M. 00(G). 

(JTTJ) Let cf) '. it — y t be a morphism in M. 00(G). Let r' = Im0, tt' = ir/ker<fi and <f>' : tt' — > t' be the 
natural morphism. Clearly <j)' is monomorphic and cpimorphic in the category M. 00(G). Thus by (0) it is 
an isomorphism. On the other hand, Im0' = Im0 C Im0 = r'. Thus Im^ = Im0. □ 

Theorem 2.2.6 (Casselman subrepresentation theorem, see |CM82j . Proposition 8.23). Letir be a finitely 
generated admissible (g, K)-module and P be a minimal parabolic subgroup of G. Then there exists a 
finite- dimensional representation a of P such that ir may be imbedded into Indp(a). 

2.3. The annihilator variety and associated partition. For an associative algebra A the annihilator 
of a module (r, W) is 

Ann(r) = {a e A : t (a) w — for all w <G W} . 

If A is abelian then the support of r is defined to be the variety corresponding to the ideal Ann(r), i.e. 
Zeroes (Ann(r)). 

If (t, W) is a module for a Lie algebra jj, then one can apply the above considerations to the enveloping 
algebra U (g). While U (g) is not abelian it admits a natural filtration U n such that gr (U (g)) is the 
symmetric algebra Sym (g) , and hence one has a symbol map a from U (g) to Sym (g). We let gr (Ann(r)) 
be the ideal in Sym (g) generated by the symbols {a (a) \ a € Ann (t)} and define the annihilator variety 
of t to be 

V (t) = Zeroes (gr (Ann(r))) C g* 

If g is a complex reductive Lie algebra and M is an irreducible g-module, then it was shown by Borho- 
Brylinski (see |BB82j ) and Joseph (see |Jos85| ) that V(M) is the closure O of a single nilpotcnt coadjoint 
orbit 0, that we call the associated orbit of M. If G is a reductive group and ir € .Moo(G) is admissible 
then tt hc is dense in tt and hence V(w) = V(ir HC ). 

2.3.1. The case of G„ . Suppose first that F — R. Then g„ = g[(n, C) and we identify g„ and g* with 
the space n x n complex matrices, in the usual manner. By Jordan's theorem, nilpotent orbits in g* are 
given by partitions of n, i.e. tuples (ni, . . . , nk) such that n\ > • • • > n^ and n\ + • • • + = n. For a 
partition A we denote by 0\ the corresponding nilpotent coadjoint orbit. We sometimes use exponential 
notation for partitions; thus 4 2 2 1 1 3 denotes (4, 4, 2, 1, 1, 1). 

If 7r e M.oo(G n ) is irreducible and A is the partition of n such that V(tt) = 0\ we call A the associated 
partition of 7r and denote A = AP(tt). For example, if n is finite-dimensional then V(n) = {0} and 
AP(tt) = 1™ and if tt is generic then, by |Kos78| . V(ix) is the nilpotent cone of g* and AP(ir) = n 1 . 

Let us introduce the following definition of depth. 
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Definition 2.3.1. Let tt G M.Hc{Gn)- Define depth(Tr) to be the smallest number d such that A d = 
for any A G V(tt). 

It is easy to see that for an irreducible representation tt with associated partition (ni, .., n^), depth(ir) = 
n\ and the depth of an extension of two representations is the maximum of their depths. 

Let us now consider the case F = C. Then g„ = g[(n, C) © Ql(n, C) and coadjoint nilpotent orbits 
are given by pairs of partitions. However, tt G Moo(G n ) is irreducible then the maximal orbit in V(tt) 
is symmetric and thus corresponds to a single partition that we call the associated partition. For any 
tt G AiHc(GL n (C)) we define depth(Tr) to be the smallest number d such that A d = B d = for any 

(AB)eV(4 

2.4. Parabolic induction and Bernstein-Zelevinsky product. Let G be a real reductive group, P 
be a parabolic subgroup, M be the Levi quotient of P and pr : P — > M denote the natural map. 

Notation 2.4.1. 

• For a Lie group H we denote by Ah the modulus character of H , i.e. the absolute value of the 
determinant of the infinitesimal adjoint action. 

• For tt G .Moo(-M) we denote by I^j(tt) the normalized parabolic induction of tt, i.e. the space of 
smooth functions f : G — > tt such that f(pg) = Afl-(p) 1//2 A(;(p) _1 / 2 7r(pr(p))/((;), with the action 
ofG given by (i£(7r)(ff)/)(a?) := f(xg). 

The behavior of annihilator variety under parabolic induction is described by the following theorem. 

Theorem 2.4.2. Note that we have a natural embedding m* p* and a natural projection r : g* — > p* . 
Let tt G M X (M). Then V(I£(tt)) = G c ■ r- 1 (V( 7 r)). 

This theorem is well-known and can be deduced from |BB891 Theorem 2]. 

2.4.1. Bernstein-Zelevinsky product. We now introduce the Bernstein-Zelevinsky product notation for 
parabolic induction. 

Definition 2.4.3. If a = (rii, . . . ,n,k) is a composition of n and tti G Moo{G ni ) then tt\ <£> • • • ® tt^ is a 

representation of L a w G ai x • • • x G ak . We define 

7Tl X ■ ■ • X TT k = I p £ (tTi ® • • • ® 7T k ) 

tt\ x ■ ■ • x 7Tfc will be referred to below as the Bernstein-Zelevinsky product, or the BZ-product, or 
sometimes just the product of 7Ti, . . . , TTk- It is well known (see e.g. |Wall921 §§12.1]) that the product is 
commutative in the Grothendieck group. From Theorem 12.4.21 we obtain 

Corollary 2.4.4. Let tt\ G G ni and TT2 G G„ 2 . Then depth(TTi x TT2) = depth(TTi) + depth(jT2). 

3. Main results 

Notation 3.0.1. 

• Fix F to be either t orC. 

• G n := GL(n,F), we consider the standard embeddings G n C G m for any m > n, we denote the 
union by G^ and all the groups we will consider will be embedded to Goo in a- standard way. 

• We denote by P n C G n the mirabolic subgroup (consisting of matrices with last row (0, . . . , 0, 1) ). 

• Let V„ C P„ be the last column. Note that V n = F™ -1 and P n = G„_i X V n . Let U% := 
Vn-k+iV n -k+2 ■ ■ ■ V n and := G„_feJ7„. Note that {/„ is the unipotent radical of 5„. Let 
N — 77" 

• Fix a non-trivial unitary additive character 8 of F, given by 9{x) = exp(v / — l7rRex). 

• Let : — >• F be the standard non-degenerate homomorphism, given by ^(u) = 

We will usually omit the n from the notations J7„ and S^, and both indexes from if>\. 
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Definition 3.0.2. Define functors $ : M(p„) -> M(p n -i) by $(7r) := 7r t)n , T /i <E> | det | J / 2 and *o : 

for a p n -module tt we define three notions of derivative: 

(1) E k (ir) := $ fe_1 (7r) := 7T u *-i <g> | dct |~( fe_1 )/ 2 . Clearly it has a structure of a p n ~k+i - repre- 
sentation. 

(2) D k (ir) := V(E k (Tr)). 

(3) B k (n) := * (£ fc M). 

Note that the derivative functor D k was defined in the introduction. For convenience we will also use 
untwisted versions of the above functors, defined by $(7r) := $(71) (g) | dot | 1//2 , and E k (rr) := E k (n) ® 
I det l^'- 1 )/ 2 . 

We can restrict those functors both to the smooth and the Harish- Chandra category and get Bj^, D^, 
E^q, B^j C , and E^ c . Note that if tt £ M.oo{G n ) then D^(tt) has a natural structure of a P„-k+i 

topological representation and if it G M-Hc{G n ) the D^j C {tt) has a natural structure of a K' representation 
where K' is the maximal compact subgroup of G n -k- The same is true for the functors B and E. 

We have natural maps: E k ->■ D k -> B k , HC o B^ -t B k HC o HC, HC o D*^ -> D k HC o HC and 
HC o Ej^ — > E^j C o HC. Here HC is the functor of taking K— finite vectors and the last three maps 
are maps of K representations and p representations. However note that the objects are not necessary 
(g, K)-modules since they do not need to be Hausdorff. 

Proposition 3.0.3. Let tt £ M.Hc{G n )- Then B^j C (tt) is admissible for any 1 < k < n. 

Proof. By Theorem 12.2.21 tt is finitely generated over n„. Thus, B^ c (tt) is finitely generated over n„_fc 
and thus, by Theorem 12.2.21 again. B^ c (tt) is admissible. □ 

Remark 3.0.4. Let tt £ AAuciGn), o,nd let S' £ C" be the multiset corresponding to an infinitesimal 
character of B k (n). Then S' is obtained from the multiset corresponding to some infinitesimal character 
of tt by deleting k of the elements and adding 1/2 to each of the remaining ones. This is proven by the 
argument in the proof of |GS[ Proposition 5.4.4]. 

In the $5] we prove the following theorem 

Theorem 3.0.5. Let tt £ M d HC (G n ). Then the restriction of Ejj C (rr) to g n -d is admissible. 

Corollary 3.0.6. Let tt £ A^^ c (G n ). Then V n -d+i acts nilpotently on E^ c (tt). Namely, there exists a 
number k such that for any X £ D n _rf, X k acts by zero on Ejj C (ii). 

Proof. Let r := Efj C {ir). Since it is admissible over g n -d, it is finite over the center of U(g n -d)- Hence 
there exists a polynomial p such that r(p(L)) = 0, where / £ Q n -d denotes the identity matrix. Let k be 
the degree of p and X £ \3 n -d be any element. We will show that r(X) k = 0. 

Note that [I,X] = X and hence ad{X) k {I k ) = k\{-X) k and ad{X) k I k -' 1 = for any i > 0. Thus 
ad(X) k (p(I)) is proportional to X k . On the other hand, r{p(L)) = 0, hence T(ad{X) k (p(L))) = and 
thus T{X) k = 0. □ 

Corollary 3.0.7. Let tt £ M d HC (G„). Then 

(1) D d HC (n) = E d HC (7T). 

(2) E*£(*) = D d H + c \n) = Bf&(v) = 0. 

Theorem 3.0.8. For any < k < n 

(1) is an exact functor 

(2) For any tt £ Moo{G n ), the natural (quotient) topology on E^^tt) is Hausdorff, i.e. u k (ir(&(—ip k )) 
is closed in tt. 

For proof see $7J 

Corollary 3.0.9. Let tt £ Moo{G n ) be of depth d. Let < k < n. Then 

(1) The natural map p : E^ c (HC(tt)) -> HC{E^ {tt)) is onto. 

(2) EM = D^tt) £ MUGn-d)- 
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(3) E&H*) = D d ^M = B d +\v) = 0. 

For the proof we will need the following standard lemma. 

Lemma 3.0.10. If a locally convex Hausdorff topological vector space W has a dense finite dimensional 
subspace then W is finite dimensional. 

For the convenience of the reader, we include the proof in ^9.11 

Proof of Corollary \3.0.fA Let us first prove part ([T]). The quotient map tt — > E^(ir) is onto. Thus, 
HC(tt) — > E^-k) has dense image, hence E^ c (HC(n)) — > E^(tt) has dense image and hence p has 
dense image. Let p be a Jf„_ fe -typc. Consider p p : (E^ ic (HC(tt))) p (HC(E% (tt))) p . It must also 
have dense image. By Theorem [31011 {E k HC {HC(iT))) p is finite dimensional and by Theorem GHH 
(HC(E^ (tt))) p is Hausdorff. Thus, p p is onto for any p and hence, by Lemma f3.0. 101 p is onto. Thus (JTJ) 
holds. 

By Theorem l3lL5l Efj C (HC(ir)) is admissible. Thus HC(E^(ir)) is admissible and thus £&(tt)) E 
■Moo(G n -d)- By Corollary 13.0.61 b n -d+i acts nilpotcntly on Ef IC (HC(Tr)), and hence, by (JJ), on 
HC(E^ c (n)) and hence, by continuity, D„_d + i acts nilpotently on E^-n). This implies ^ and □ 

Note that this does not prove that the d-th derivative is non-zero. However it is true; see the remarks 
following Theorem [21 in the introduction. 

Corollary 3.0.11. Let tt 6 Moo(G„) be of depth d. Then B^(tt) G Moo(G n -d)- 

Proof. By Corollary 13.0.91 £^(7r) 6 A4oo(G n -d)- Note that £>^(7r) is the cokernel of the action map 
a : Dn-d+i <£) i?^(7r) — > £^,(71"). Thus, it is enough to show that Im(a) is closed. This follows from 
Corollary □ 

Lemma 3.0.12. For any n £ M d HC {G n ), V{B d {Tx)) = V(E d (n)). 

Proof. By Corollary 13.0.61 there exists k such that V d+1 E d (tt) = 0. Consider the descending filtra- 
tion F l (E d {ir)) := tf d+1 E d {n). Then Gr a (E d (Tr)) = B d {ir), Gr^vr) £ M H c{G n -d) and we have 
a natural morphism Gr l (ir) ® rJd+i^>Gr' i+1 (71"), where we view C^+i as the standard representation 
of G„_ d . Thus, V{E d {n)) = U>< =1 V(Gr t (E d (ir))) and V(Gr 4 (£ d (7r))) D V(Gr t+1 (^(tt))). Thus 
V(B d (^)) = V(Gr°( J E d ( 7 r)) = V(£ d (7r)). □ 

By Corollary 13.0.91 the same statement holds for n e -M^(G„) and the same proof works. 

Theorem 3.0.13. Let n = n\ + • • • + n& and Zet %j 6e characters of G ni . Let it = \i x ' • • x Xk denote 
the corresponding monomial representation. Then 

£&,(tt)= EUxi) x ■ ■ • x E k x (Xk) = ((xi)\ Gni ^ x •■■ x ( X k)\ Gnk ^). 

We prove this theorem in 

Remark 3.0.14. 

(1) Note that depth(n) = k by Corollary \244\ 

(2) In the special case n — k this theorem implies that the space of Whittaker functionals on a principal 
series representation is one- dimensional. By the same example we see that an analog of Theorem 
\3.0.13\ for Ehc does not hold, since the space of Whittaker functionals on the Harish- Chandra 
module of a principal series representation has dimension n\ . 

From Theorem 13.0. 131 Theorem 13.0.81 and Corollary 13.0.91 we obtain 

Corollary 3.0.15. Let I = \i X • • • x \k be a monomial representation. Let tt be any subquotient of I . 
Then E^^DU^)^ BU^- 
Proof. If depth(n) < k we have E^(n) = £>^(7t) = B^(7r) = 0. Otherwise, depth(n) = k, E^(n) = 
Z)^(7r) and we have to show that V n -d+iE£ ( 7T ) = 0- Note that all the subquotients of a monomial 
representation have the same infinitesimal character. By Theorem 13.0.131 -E^(I) is again a monomial 
representation and by Theorem 13.0.81 Ej (tt) is its subquotient. Thus, the identity matrix Id £ Q n -d acts 
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on £^(71") by a scalar, that we denote by a. Now, let x € E^(tt) and v G U„_d+i- Then avx = Ivx = 
[I, w]x + vlx = vx + avx = (a + l)vx. Thus, vx = for any v and x and thus tv_ ( 2-|-i£ , ^ :) (7r) = as 
required. □ 

In 21 we demonstrate several applications of Theorem 13.0. 131 to unitary representations. 

3.1. Conjectures and questions. We conjecture that the following generalization of Theorem 13.0.131 
holds for Bernstein- Zelevinsky product of arbitrary representations. 

Conjecture 3.1.1. Let n = ni+ri2 and let 7r, 6 ■M'g > (G ni ) for i = 1,2. Let it := tt% x tt2 and d := d%+d2, 
so that ir G M*,(G n ). Then E^(tt) = E&fa) x E&fa). 

We think that it is possible to prove this conjecture using the same geometric argument as in the proof 
of Thcorcm l3. 0.131 (see fJHJ). We believe that the main ingredient we miss are suitable notions of tempered 
Frechet bundle and the space of its Schwartz sections. 

Our paper leaves the following open questions: 

(1) In Proposition ^. 0.3l we show that B k maps admissible Harish-Chandra modules to admissible, for 
every k. Is the same true on the smooth category .Moo In other words, is B k (Ti) Hausdorff 
for any h G Aioo{G n ) and any kl We think that the answer is yes and hopefully it can be proven 
using the methods of SjT] 

(2) Is the depth B-derivative functor B d : 7W^(G„) -> Moo(G n -d) exact? 

(3) Is D k exact for any kl 

(4) Does B d map irreducible representations of depth d to irreducible ones? This would in particular 
imply uniqueness of degenerate Whittaker models for all smooth representations (see Q ■ 



4. Highest derivatives of unitary representations and applications 

In this section we prove two results conjectured in jGSj : uniqueness of degenerate Whittaker models 
and computation of adduced representations for Speh complementary series. We also prove that for 
irreducible unitary representations, the three notions of highest derivative coincide and extend the notion 
of adduced representation. We start with preliminaries on Speh representation, Vogan classification, 
adduced representation, and degenerate Whittaker models. 

4.1. Preliminaries. 

Notation 4.1.1. Let z G C, and let e G Z/2Z if F = M and e E Z if F = C. Denote by x(n,s,z) the 
character of G n given by 

( det x \ 6 . , .« 

x i ^ -. — : r det a; . 

V|deta;|y 1 1 

This character is unitary if z is imaginary. 

4.1.1. Speh representation. We will use the following description of the Speh representation form |BSS90j 
and |SaSt90j . 

Proposition 4.1.2. The Speh representation 5 (2m, k) is a quotient of 

X {m, e k+1 , -k/2) x X {m, 0, fc/2) 

and a submodule of 

X{m,e k+1 ,k/2) x x(m,0,-fc/2) 
where k € N and £k+i = k + 1 (mod 2) . 

Remark 4.1.3. By Lemma \4.3.3\ and Proposition \4-3.7j\ below, the Speh representation S (2m, k) is the 
unique irreducible submodule of % (to, £k+i, k/2) x x(m,0, — fc/2) and thus also the unique irreducible 
quotient of x { m , £fc+ij ~k/2) x x { m , 0, k/2). 
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4.1.2. Vogan Classification. By the Vogan classification |Vog86| , irreducible unitary representations of 
G„ are BZ products of the form 

7T = 7Tl X ■ • • X 7Tfc 

where each 7Tj is one of the following basic unitary representations: 

(a) A one- dimensional unitary character of some G rn . 

(b) A Stein complementary series representation of some G2 m , twisted by a unitary character. The Stein 
representations are complementary series of the form 

a (2m, s) = x (m, 0, s) x x (m,0, -s) , s G (0, 1/2) 

and we write a (2m, s; e, it) to denote its twist byx (2m, e, it). 

(c) A Speh representation S(2m,k) of G2m, twisted by a unitary character. We write 5 (2m, k;it) to 
denote its twist by x (2w, 0, it). 

(d) A Speh complementary series representation of some G^ m , twisted by a unitary character. The Speh 
complementary series representation is 

A (4m, k, s) = 8 (2m, k; 0, s) x 8 (2m, k; 0, -s) , s G (0, 1/2) 
and we write A (Am, k, s; it) to denote its twist by x (4m, 0, it). 
It is known that the associated partition of S(2m, k) is 2™ and (thus) the associated partition of 
A (4m, k, s) is 4 m (see [USJ Corollary 4.0.2]). 

If F = C then only types (ja| and (jb| appear in the Vogan classification. Thus, every t G GL(n,C) is 
a product of (not necessary unitary) characters. For F = R this is not true, but the above information 
implies the following proposition. 

Corollary 4.1.4 ( jGSj . Corollary 4.0.6). Let r G G n , let A be the associated partition of r and /i = 
(ni, . . . ,rik) be the transposed partition. Then there exist (not necessary unitary) characters Xii Xi °f G ni 
for all 1 < i < fc, an epimorphism xi x ' ' • X Xk^T°° an d an embedding t°° <—} x'i x ' ' ' x Xk- Moreover, 
V( X i x • • • x X k) = V(xi x • • • x x' k ) = V(r°°). 

4.1.3. Adduced representation. Adduced representation was defined in Sah89 for irreducible unitary 
representations. The definition is based on the fact that an irreducible unitary representation of G n 
remains irreducible (as a unitary representation) after restriction to P n . The adduced representation of 
t G G n , denoted At is defined to be the irreducible unitary representation of G n -d that gives rise to 
r\p n by Mackey induction. The number d is called the depth of r. By Theorem 14. 1.91 below. depth(r) = 
dep n th(T°°). 

Clearly, Ax = xIg„_i for any unitary character x- It is also clear that A "commutes" with a twist by a 
unitary character. In |Sah89| . it was proven that A is a multiplicative operation (an analog of Conjecture 
I3.1.1[) . In |Sah90j . it was shown that Aa(2m,s) = a(2m — 2,s), which completed the computation of 
adduced representations for F = C. In SaSt90 it was shown that AS(2m, k) = 8 (2m — 2,k). Finally, 
in |GSj it was shown, using the Vogan classification, that AA(4m, k, s) = A(4m — A,k,s) if k ^ m and 
conjectured that the condition k ^ m is not necessary. Of course, this conjecture immediately follows 
from Conjecture 13. 1 . II and the fact that A8(2m, k) = 8(2m — 2, k). However, in this section we prove that 
AA(4m, k, s) — A(4m — 4, k, s) for all k and m in a different way (without using the Vogan classification). 
This completes the computation of adduced representations for all irreducible unitary representations of 
G n . 

We also prove that (At) 00 = B(t°°) = D(t°°) = E(t°°). 

The following lemma follows from the definition of adduced representation and Frobenius reciprocity. 
We refer the reader to Notation 13.0.11 for the definitions of the groups S% and U%- 

Lemma 4.1.5 f |GSj . Proposition 3.1.2). Let r G G n , and let d := depth(r). Extend the action of G n -d 
on (At) 00 to an action of S 1 ^ by letting act by the character ip d . 

Then there exists an S^-equivariant map from t°° to (At) 00 ® | det \ { ~ d ~ 1 )/ 2 with dense image. 

Corollary 4.1.6. Let r G G n , and let d := depth(r). Then there is a natural epimorphism 
Bi(T~)^(i4r)°°. 
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Proof. Twisting the map from the previous lemma by | det |~( d-1 )/ 2 we obtain a map r°° ® 
| det 2 — » (At) 00 . Since it is S^-cquivariant, it factors through _B^.(r°°). Thus we have a map 

B t( T °°) -> (At) 00 with dense image. By the Casselman-Wallach theorem (see Corollary |2.2.5[) the image 
is closed and hence this is an epimorphism. □ 

4.1.4. Degenerate Whittaker models. For a composition A = (ni, . . . ,n k ) of n, let J\ denote the corre- 
sponding upper triangular block matrix and let wqJxWq 1 be its conjugation by the longest Weyl group 
element wq- Let ip x denote the character of n given by ip\ (X) := Tt^XwoJxWq 1 ). By abuse of notation, 
we denote the corresponding character of N also by 

Definition 4.1.7. Let n G Moo(G n ) and X be a composition of n. 

• Denote Wh* x (-K) := Horn^Tr,^) and for t e G~ n denote Wh* x (r) := Wh* x (T°°). 

• DenoteE x (ir) := E n « (• • • (E ni (tt)| p „_„ i ) • • • ) and B x (tt) := B n "(- ■ ■ (B" 1 (tt)| p „_„ i ) • • • ). 

The following lemma is obvious. 

Lemma 4.1.8. 

(1) Whl(n) - (B x (n))* 

(2) We have a natural epimorphism E x (ir)^>B x (ir) . 

We will use the main result of |GS) . 

Theorem 4.1.9 f |GS| . Theorem A). Let r G G n and let A = (m, . . . , nk) be the associated partition of 
t. Then 

(1) Wh* x (r) ^ 0. 

(2) depth(r) = n\ and the associated partition of At is (n,2, ■ ■ ■ , Hfe). 
We will show that dimWh* x (r) = 1 (see Theorem Ei~2~3)) . 

4.2. Applications. We will use the following immediate corollary of Theorem 13.0. 131 

Corollary 4.2.1. Let a = (rai, . . . , n^.) be a composition of n, A be the partition obtained by reordering 
of a and [i be the transposed partition of X. Let Xi be characters of G Ui for 1 < i < k. Then dimi?^(xi x 
■•• x Xk) = 1- 

By exactness of E fThcorcm l3.0.8[) we obtain 

Corollary 4.2.2. In the notations of the previous corollary, \i x ' ' ' x Xk has a unique irreducible 
subquotient n such that dimi5 At (7r) = 1. For any other irreducible subquotient p we have E IJ, (p) = 
B»(p) = 0. 

First of all, let us prove the following strengthening of Theorem 14. 1.91 

Theorem 4.2.3. Let t G G n and let X = (ni, ...,rik) be the associated partition of r. Then 
dimWh* x (t) = 1. 

Proof. Let (j, = (mi , . . . , mi) be the transposed partition to A. By Corollarv l4.1.4l there exist characters Xi 
of G mi for all 1 < i < I and an epimorphism 7 M := xi x • • ■ x xi^ T °°- By Corollary 14 .2. 11 dimE x (I^) = 1 
and hence 

dimWh* x (T) < dim B x {t°°) < dimS A (7 M ) < dim^^) = 1. 
Since by Theorem KTM WhX (r) ^ 0, we have Aim.Wh\ (r) = 1. □ 

Let us now compute the adduced representations of the Speh complementary series representations. 

Theorem 4.2.4. A(A (4m, k, s)) = A (4m - 4, k, s) . 

Proof. Since the associated partition of A (4m, k, s) is 4 m , Theorem 14.1.91 implies that 
depth(A (4m, k, s)) = 4 and the associated partition of A(A (Am, k, s) is (4) m_ which is the same as 
that of A (4m - 4, k, s) . Let 

I m ,k,s ■= X (m,e k +i,-k/2 + s) x x (m,0,fc/2 + s) X x (m,e k+1 , -k/2 - s) X x (m,0, fc/2 - s) . 
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From §§ §HTT2] we see that A (4m, k, s) is a quotient of I m ,k,s- Thus, E^ Xl {A (4m, k, s)) is a quotient 
of £4(J m>M ). By Theorem MM £&(J m ,fc, 8 ) = I m -i,k,s and by Corollary HXB] A(A (4m, k, s)) is a 
quotient of -E^A (4m, k, s)) ® | det I 1 / 2 . Altogether, we get that AA (4m, fc, s) is a quotient of I m -x,k,s- 
But so is A (4m — 4, fc, s). 

From Theorem mO] we have Wh* im _ 1 (A(A (4m, k, s)) ^ and Wh*^ m _ 1 (A (4m — 4, k, s)) + 0. Thus, 
Corollary implies A(A (4m, fc, s)) = A (4m - 4, k, s). □ 

Remark 4.2.5. Using a similar argument, one can give an alternative proof of A5(2m, k) = 5(2m — 
2, k), using only the fact that S(2m, k) is an irreducible quotient of x {m, £fc+i> ~k/2) x \ (wi, 0, fc/2) wii/i 
associated partition 2 m . 

4.3. The isomorphisms between depth derivatives and adduced representation. In this sub- 
section we prove that for irreducible unitary representations, all the notions of highest derivative agree 
and extend the notion of adduced representation. 

Theorem 4.3.1. For r G G n of depth d, the canonical maps 

Ei{r°°) H- £&(t°°) H- Bi(r°°) -> (Ar)°° 

are isomorphisms. 

For case F = C it follows from the Vogan classification ( §? j)4.1.2p . Theorem l3.0.13l and Corollary |4.1.6l 
Thus from now on till the end of the section, we let F = R. It is enough to prove that the resulting map 
E^ c {t 00 )-»(At) 00 has zero kernel. 

Definition 4.3.2. To every t g G n of depth d we attach a monomial representation I—(r). First, we 
attach to t d characters using the Vogan classification in the following way. To every character we attach 
itself, to the Speh representation 5(m,k) we attach x (n> £fc+i> k/2) and x(m,0, — k/2) and to the Speh 
complementary series A(m, k, s) we attach x {m, £fc+i, k/2 + s), \ (m, 0, — k/2 + s), x ( to j £ fc+i, k/2 — s) 
and x (w, 0, —k/2 — s). Then we order all the characters we have in non-ascending order of the real part 
of the complex parameter, and let I- (r) be their BZ product in this order. 

Note that by Proposition ^. 1.2l and Corollary gTS t°° is a subquotient of J-(r) and V(r) = V(J-(t)). 

Lemma 4.3.3. Every t°° G G n occurs with multiplicity one in I-(r) and it is the only irreducible 
subquotient of I—(t) with maximal annihilator variety. 

Proof. Let 5 denote a Speh representation. By Proposition 14.1.21 5 C I- (S) and by [BSS901 Proposition 
VI.7], V(I^(S)/S) C V(I^(S)). Now let r G G~ n . Then r = YlXi x EI^ where X< ar e characters, 
and 5j are Speh representations, possibly twisted by characters. Then, by exactness of tensor product 
(see Proposition 19.4.41 below). (MiXi) (Mjl-(Sj)) C (MiXi) ^ (^^) and the annihilator variety of the 
quotient is strictly smaller then the annihilator variety of (MiXi) The lemma now follows from 

the exactness of induction, Theorem 12.4.21 and the fact that I—{t) and YiXi x n^~(^i) have the same 
Jordan-Holder components. 

□ 

Remark 4.3.4. One can show that any monomial representation has a unique subquotient with maximal 
annihilator variety, occuring with multiplicity one. By |GS2j . this is equivalent to the statement that it 
has a unique subquotient with minimally degenerate Whittaker functional, which follows from Corollary 

EM 

Another possible way to prove that is by using a more refined invariant than V , called the associated 
cycle. It is a nonnegative integer combination of nilpotent coadjoint orbits, and it is additive on the 
Grothendieck group. The fact that the moment map from T*(G/P) — > g* is generically one to one in G n 
probably implies that the associated cycle of a monomial representation \i is 1 times the corresponding 
nilpotent orbit. From these two facts it follows that \i has a unique large constituent, having multiplicity 
one. 

Lemma 4.3.5. For t € G~ n of depth d, I^(At) = E d (I^(T)). 
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This lemma follows from Theorem 55 ^X31 and Theorem EO^fl 
We will also use the following proposition that we will prove in § ^4.3.11 

Proposition 4.3.6. Let Xi,---,Xk be characters of G ni , . . . ,G nk respectively and let d X i denote the 
corresponding characters of Q ni . Suppose that Rce?xi > ■■• > Redxk- Then any subrepresentation 
7T C Xl x ■ " " x Xk satisfies V(tt) = V( X i x ■■■ x X k)- 

Proof of Theorem \4-3.1\ Let p be the kernel of the canonical map E d (T 00 )^AT°° (given by Corollary 
I4.1.6p . We have to show that p is zero. 

By Lemma 14.3.31 and Proposition 14.3.61 we have an embedding r°° C I- (r) . By Theorem 13.0.81 and 
Lemma[03]we have E d (T°°) C E d (I^(r)) = I-(At). Thus, we get that p is a subrepresentation of 
I -(At) and thus, by Proposition 14.3.61 either p = or V(p) = V(I-(At)) = V(At). The second option 
contradicts Lemma \A . 3 . 31 and thus p = 0. □ 

4.3.1. Proof of Proposition \J. 3. 6] We will use the following lemmas. 

Lemma 4.3.7. Let q be a standard parabolic subgroup of Q n with nilradical u and Levi subgroup I. Let 
X = (Ai, . . . , Xk) be a character of I. Let M\ := U(q) <8>«(q) (X — p(u)) be the corresponding (normalized) 
generalized Verma module. Suppose that Ai > ■ • • > A&. Then M\ is irreducible. 

This follows e.g. from |Tra861 Lemma 3.5] or |Jan771 Satz 4 and Corollar 4]. 

Lemma 4.3.8. [see e.g. |GSj . Lemma 2.3.9] Let G and Q be Lie groups, a be a smooth representation 
of Q and (n,W) = Indq(a) be the (normalized) induction of a. Suppose that G/Q is compact and 

connected and (a © Ag 2 (8) Ag 1 ' 2 )^ is non- degenerately q-invariantly paired with a q-module X . Then 
tt" is non- degenerately Q-invariantly paired with a quotient of U(q) ©c/(q) X , where ui denotes the space 
of analytic vectors. 

Proof of Proposition \4.3. 6\ Let / = xi x ■ ■ ■ x Xk, Q ■= P(n u ...,n k ) and A := (xi,---,Xk)- L et M x := 
U(q) ®u(q) (A — p(u)) be the corresponding (normalized) generalized Verma module. By Lemma [4.3.71 and 
the assumptions of the proposition, M\ is irreducible. Thus, by Lemma 14.3.81 M\ is non-degenerately 
paired with J" and hence also with 7r w for any submodule 7r C I. 

Note that annihilators of two non-degenerately paired representations are equal and that Ann (n) = 
Ann(-K^) = Ann(ir HC ), since tt hc includes tt^ and is dense in ir. Thus, the annihilators of n, M\ and I 
are equal and thus V(tt) = V(M\) =V(I). □ 

5. Proof of admissibility (Theorem I3.0.5P 

5.1. Structure of the proof. First of all, by Theorem l2.2.2l a (g, X)-module ir is admissible if and only 
if it is finitely generated over n. Thus, we know that E d (ir) is finitely generated over n n -d+i and we need 
to show that it is in fact finitely generated over n n -d- 

Let us consider an analogous situation in commutative algebra. Let W be a finite-dimensional complex 
vector space, and W = U © V © W' be a direct sum decomposition. Let £ G U*. Note that it defines 
a homomorphism of algebras S : Sym(W) — > Sym(V © W). The corresponding map (V © W')* = 
Spec(Sym(V© W')) Spec(Sym(Fy)) = W* is given just by adding £. Let / := KcrS. Let M 
be a finitely-generated module over Sym(W / ) and L := M/I. Suppose that we know the support of 
M and want to find out when L is finitely generated over Sym(W). A sufficient condition will be 
SuppM C £ + (W)* + 0. Indeed, this condition is in turn equivalent to pry(SuppL) = 0, which implies 
that V acts on L nilpotcntly and thus is not needed for finite generation. 

Our proof follows the general lines of this argument. However, over non-commutative Lie algebras 
we have several problems. The first is that we do not have a straightforward notion of support. One 
substitute is the annihilator variety. As we recall in ^2.31 it is defined by considering the annihilator 
ideal of the module in U(q), then passing to the graded ideal in Sym(g) and considering its zero set. In 
our proof we also use a second notion of support, called associated variety, that we recall in ^5.21 It is a 
finer invariant, defined by first passing to associated graded module and then considering the support in 
Specg* = Sym(g). In order to define this invariant, one has to fix a filtration on the module M. If M is 
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finitely generated, it has so-called "good" filtrations (see ? H2.3p and the associated variety AV(M) does 
not depend on the choice of a good filtration. 

For finitely-generated modules over commutative Lie algebras, V(M) = AV(M). However, they 
might be different from Supp(A/), because AV and V are always conical sets. For example, let g = C, 
U(q) = Sym( ) = C[x] and M := C[x]/(x - 1). Then Supp(M) = {1} and AV(M) = V(M) = 0. 
Moreover, over non-commutative algebras the associated variety of a quotient is not determined by the 
associated variety of M. 

Thus, we will have to use the fact that our module comes form g„, and thus its annihilator ideal is 
invariant under the torus action. Thus, it is a graded ideal with respect to the grading defined by any 
torus element. In order to connect the associated variety with respect to actions of g„ and s„ we will use 
a proposition saying that any good g n -filtration on it is also a good n n -filtration (see Proposition 15.2.7]) . 

Another difficulty we have in the non-commutative case is that the quotient of ir <£> ip d by u d is not a 
module over Sd/u d = Q n -d+i, but only over p n -d+i- In order to cope with this difficulty we use a second 
torus element, and thus consider a bigrading on U(g n ). 

We introduce the required notations and terminology on bigradings in ^5.31 and on the module of 
coinvariants in ^5.41 In ^5.51 we prove the algebraic key lemma that connects the associated variety of 
E d (n) to the annihilator variety of tt. This lemma is a generalization of |Mat87[ Theorem 1]. Finally, in 
§ £15.61 we deduce that prv*_ d+1 {AV(E d (ir))) = {0} and finish the proof of the theorem. 

5.2. Filtrations and associated varieties. In this subsection we define the associated variety of a 
(finitely generated) module over a Lie algebra. For that we will need the notion of filtration. Throughout 
the subsection, let A denote a not necessary commutative algebra with 1 over C. 

Definition 5.2.1. A filtration on A is a presentation of A as an ascending union of vector spaces 
A = [J i>0 F t A such that F l AF J A C F l+0 A. A filtration on an A-module M is a presentation of M as 
an ascending union of vector spaces M = lj i>0 F % M such that F % AF^M C F l+3 M . 

If A is a filtered algebra we define the associated graded algebra Gr(A) := ©j >0 F l+ A/F l A with the 
obvious algebra structure. If M is a filtered module we define the associated graded module Gr(Af) over 
Gt(A) by Gr(M) := 4>o F i+1 M / F i M . 

Definition 5.2.2. Let A be a filtered algebra and M be an A-module. A filtration F l M is called good if 
(i) Every F l M is a finitely generated module over F°A and 
(ii) There exists n such that for every i > n, F t+1 M = F 1 AF l M. 
A filtration on A is called good if it is a good filtration of A as a module over itself. 

Example 5.2.3. Let g be a (finite dimensional) Lie algebra and U(g) the universal enveloping algebra. 
Define a good filtration U l on U(g) by the order of the tensor. Then Gr(U(g)) = Sym(g), the symmetric 
algebra. 

From now on we fix a good filtration on A. Let M be an A-module. 

Example 5.2.4. Suppose that M is finitely generated. Let {mi,...,mt} be a set of generators. We 
define a good filtration on M by F t AI = {X^=i a j m j s -t- a j G F l A}. 

The following lemma is evident. 

Lemma 5.2.5. 

(i) There exists a good filtration on M if and only if M is finitely generated over A. 
(ii) A filtration F Z M is good if and only if Gvp(M) is finitely generated over Gr(A). 

Corollary 5.2.6. Suppose that Gr(A) is Noetherian. Suppose that M is finitely generated and let F l M 
be a good filtration on M . Then 

(i) For any submodule L C M , the induced filtration F l L := F l M n L is good. 

(ii) A is Noetherian. 

In particular, U(g) is Noetherian. 

An important tool in the proof of Theorem 13.0.51 will be the following proposition. 
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Proposition 5.2.7. Let n G M.hc{G) be a Harish- Chandra module and let F l be a good g-filtration on 
it. Then F l is good as an n-filtration, i.e. F' l+l = nF l for i big enough. 

This proposition is due to Gabber and is based on a proposition by Casselman and Osborne. For 
completeness we included its proof in Appendix [B] 

Definition 5.2.8. For any filtration F on M we we can associate to M a subvariety of SpecGr(A) by 
AV F (M) := Supp(Gr(M)) C Spec Gr(A). 

If M is finitely generated we choose a good filtration F on M and define the associated variety of M 
to be AV(M) := AVp{M). This variety does not depend on the choice of the good filtration. 

Remark. // A is commutative then the associated variety equals to the annihilator variety. Otherwise, 
the associated variety can be smaller. 

5.3. Bigraded Lie algebra. Let g be a Lie algebra and let X, Y 6 g be commuting ad-semisimplc 
elements with integer eigenvalues. Define 

flij :={Zeg:[X,Z]=iZ, [Y, Z] = jZ} 

Thus we have the direct sum decomposition 

(1) = where gt = ©jfly 

We now choose an ordered basis B of g as follows. Pick ordered bases Bij for each fl^ , order the pairs 
(i, j) lexicographically so that 

(2) (i, j) >- (k, I) if i > k or if i = k and j > I 

and let B be the descending union of Bij. Thus B is ordered so that Bij precedes Bu if (i, j) >- (k, I). By 
the Poincare-Birkhoff-Witt theorem the corresponding ordered (PBW) monomials form a basis for the 
enveloping algebra U (g). 

Definition 5.3.1. If u £M (g) and a PBW monomial T has a nonzero coefficient in the expansion of u, 
we say u contains T. 

Note that adX, adY act on U (g) with integer eigenvalues as well and we define 

(3) Uij (fl) = {u G U ( ) : [X, u] = iu, [Y, u] = ju} 

By construction each PBW monomial belongs to some Uij (fl), and thus the following result is obvious. 
Lemma 5.3.2. If u £ Uij (fl) and u contains T, then T € Uij (fl). 

5.4. Conivariants module. For s > define Af s = ®i> s Qi', then Afo is a Lie subalgebra and Kf\ is a 
nilpotent ideal of Mq. Let £ G Af* be such that £|jv 2 =0 then £ defines a Lie algebra character of Af\, 
and we have 

where A/q and gQ denote the stabilizers of £ in the respective Lie algebras. 
Consider the linear map 3 : A/q — > U (bq^J given by 

(4) E(Z) = { Z if Z e o 

1 ' { ' \ f(Z) if ZeM 

It is easy to check that 3 is a Lie algebra map, i.e. it intertwines the Lie bracket with the commutator, 
and hence by universality it extends to an algebra map from U O^oJ to U (flg^ that we continue to 
denote by 3. 

Suppose M is an Ag -module, we define the £-coinvariant module to be 

L = M/M' where W = span {Zv - £ (Z) v | Z G Ni, v G M} 
Then L is a 0Q-module and the projection map w : M L satisfies 

(5) zd (uv) =E(u)vu (v) for u G U (^o) , v € M. 



20 



AVRAHAM AIZENBUD, DMITRY GOUREVITCH, AND SIDDHARTHA SAHI 



5.5. The Algebraic Key Lemma. In this subsection we assume the following. 

Condition 5.5.1. 

(1) g is a Lie algebra with elements X,Y and bigrading Qij as in §<J53] 

(2) Qi 3 = {0} if j {-1,0, 1} and also that g^.i = {0}. 

(3) £ is a character of Mi as in § §5.^| and £| fli . =0 unless i = 1, j = 0. 

Lemma 5.5.2. Suppose g and £ satisfy (l)-(3) of Condition \5.5.1\ then we have rjo.i C 0q- 

Proof. We need to show that £ ([A, B]) = for all A £ O ,i, B £ M- 

To prove this we may assume that B £ Qij for some i,j. Then we have £ £kj+i arj d so by 

Condition 15.5.11 (3) we have £([A, B]) = unless i = 1 and j = — 1. This forces B £ 0i,-i and hence 

B = by Condition [5XT] (2) and so £ ([A, B]) = in this case as well. □ 

In view of the previous lemma we have a well-defined restriction map 

Res : (qI) -> (fl ,i)* 



Let M be a g-module and fix a (not necessary good) filtration F 4 Af on M. We now define the 
£-coinvariants module L of M as in ? £15.41 and let F l L be the induced filtration on it. 
Let 

AV F (L) C ( fl §)* and V (M) C fl* 

denote the respective F-associated variety of L and annihilator variety of M as in ^5.21 and S ^2.3I 
We are now ready to formulate the algebraic key lemma. 

Lemma 5.5.3 (The algebraic key lemma). Suppose <f> £ Res [AVf (L)} c (flo,i)* o,nd regard <j> + £ as an 
element of q* via 

(0 + Ibo.i = 0- (0 + £) Ifli.o = £ and (</> + ley = f° r al1 other P airs (*>i) 
Tften we /iaue 

^ + £ e V (M) 

The proof involves in a crucial way the PBW basis discussed in ^5.31 above. Note that by Condition 
15.5.11 (2). the sequence of pairs (i,j) ordered as in @ looks as follows: 



(6) 



■•• ,(1,1) 


(1,0), (0,1) , 


(0,0), (0,-1) 


(-1,1), ••• 



where we have grouped the possible pairs into 4 groups for ease of reference below. Note that we 
do not mean to imply that Bij ^ for the indicated pairs in but rather that Bij = for the missing 
pairs e.g. (1,-1) , (0, 2) etc. 

Proof of Lemma [5. 5. 3\ Let cr n : U n (g) Sym"(g) denote the n-th symbol map. We need to show that 
for all n, and for all P £ Ann (M) n U n (g) we have 

(7) (a" (P), + £)=O 

Since Ann (M) and U n (g) are stable under the adjoint action ad, Ann (M) n U n (g) is a direct sum of 
ad(X)-eigenspaces. Since X any Y commute, each od(X)-eigenspace in Ann (M) flW" (g) is a direct sum 
of a<i(y)-cigcnspaces. Thus we may further assume 

P £ Ann (M) n U n (g) n U k i (fl) 

for some integers k, I, where Uui (g) is defined as in ([3]). 

Consider the PBW monomials contained in P in the sense of Definition [533] We say such a monomial 
is "relevant" if it is a product of precisely n factors from group 2 in the sequence ([6]) (i.e. {(1, 0), (0, 1)}) 
and "irrelevant" otherwise. Thus we get a decomposition 

P = R + I 

where R and I are combinations of relevant and irrelevant monomials respectively. 
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We note that R&U [ATq ) and we claim that the following properties hold 



(8) (a n (P),^ + = (a n (R) l( f> + 

(9) S(R) G U n - k (dos) 

(10) f7"- fe (H(iJ)) € 4nn(GV F (£)) 

(11) (a n (R),<P + = (a n - k (E(R)),ct>) 

Granted these claims for the moment, we can prove the Lemma as follows. Since <fi G Res [AVf (L)] wc 
deduce from © and (HOj) that (cr™" fc (3 (R)) , <fi) = 0. Now by © and (JTJ we get © as desired. 
We now turn to the proof of claims (|51- [TT|) . For © its suffices to show that 

(12) (a n (T),4> + 0=0 

for every irrelevant monomial T contained in P. Indeed if T has fewer then n factors then a n (T) = 0, 
otherwise T must have a factor not from group 2 and then (|12j) holds since + £ vanishes on such factors 
by definition. 

If R = then certainly ([5] [TTj) hold. Therefore we may assume that P contains at least one relevant 
monomial S. By definition every such S is of the form 

S = Ai - ■■ ApBi ■ ■ ■ B n - p with A. t G Bi,o and 5,- G £> ,i 

By Lemma T5. 3.21 we have 5* G U k i (q) which forces 

(13) k,l > and n = k + I. 
and that 5* is necessarily of the form 

(14) S = A 1 ■ ■ ■ A k Bi ■ ■ ■ B n _ k with Ai G B lfi and B 3 G B ,i 
Now by (H]) we get 

(15) ~(S) = Z(A 1 --- A k B! ■ ■ ■ B„_ fe ) = . . .£ (A fc ) B x ■ • ■ B n _ fe G W"- fc ( flo ,i) 

Since i? is a combination of relevant monomials © follows. 
To prove ([TUf we need to show that 

s(i?) c x'+^-fc- 1 

By formula (|5|) wc have 

5 (iZ) L' = 3 (R) w (M l ) = w (RAP) = zu ((P — I) AP) . 
Since P G Ann (M) wc have PAP = and so it suffices to show that 

(16) w (TAP) C L l+n - k - 1 

for every irrelevant monomial T contained in P. For this we consider several cases. 

First suppose T has a group 1 factor, then we can write T = ZT' where Z is a group 1 basis vector 
and T 1 is a smaller PBW monomial. In this case we have £ (Z) = and hence we get 

zu (TAP) = zu (ZT'AP) =i(Z)zu (T 1 AP) = 

which certainly implies (|16l) . 

Thus we may suppose T has no group 1 factors. It follows then that the only possible factors of T 
with positive ad X weight are those from Bi$. Now suppose that T has a group 4 factor. Since such a 
factor has negative ad X weight and so since T has ad X weight k, T must have at least k + 1 factors 
from Bifl. Thus T = A x ■ ■ ■ A k+1 T' where A, G Bi, and T" G W"-^ 1 ( fl ). Thus we get 

zu (TAP) = £ (At) • • • £ (A fc+ i) o7 (T'AP) C L^"-^ 1 

Therefore we may assume that T has only group 2 and group 3 factors. Since T G U k i (q) it follows 
that T must have exactly fc factors from B\ y o and at least I factors from So.i- Since T has at most n 
factors and k + I = n, it follows that T has exactly I factors from Bo.i- Hence T is relevant, contrary to 
assumption. This finishes the proof of (fTo]l . 
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Finally to prove (|TT1) it suffices to show that 

(a n (5),0 + O = (^ fe (S(5)),0) 
for every relevant monomial S = A\ ■ ■ ■ A k B\ ■ ■ ■ B n _k as in ([LT| . For this we calculate as follows 
(<j n (S) , + = (£ (A,) (A k ) a n ~ k {B x ■ ■ ■ B n ^ k ) , cb) = (a n ' k (E (S)) , 0) 

□ 

5.6. Proof of Theorem 13. 0."5l In the notations of Theorem 13.0.51 

It is enough to show that E d (ir) is admissible. Let (t,L) := E d (n) = n u d-i ^, considered as a 
representation of p„_ci+i = Q n -d x On-d+i- Denote by -cu the projection 7t^»t. 

We will need the following lemma from linear algebra. 

Lemma 5.6.1. Let u £ u d be the matrix that has Is on the superdiagonal of the lower block and 0s 
elsewhere. Then for any v £ V n -d+i, if (u + v) d = then u = 0. 

Proof. Let A := u + v. Computing A k by induction for k < d we see that its first n — d columns will 
be zero, the n — d + fc-th column of the submatrix consisting of the first n — d rows will be v, the other 
columns of this submatrix will be zero and the square submatrix formed by the last d rows and columns 
will be J| , where J a is the (upper triangular) Jordan block. Thus, A d = if and only if v = 0. □ 

Fix a good filtration it 1 on ir. Note that by Proposition 15.2.71 it will also be good as an n-filtration and 
define L % := -cu(tt 1 ). Note that L l is a good filtration. 

Corollary 5.6.2. pr ' n _ d+1 (AV(L)) = {0}. 

Proof. Let g := g n and let X, Y £ g be diagonal matrices given by 

X = diag(0"- d , 1,2, ... ,d) and Y = diag^^^ 1 , l d+1 ). 

Consider the bigrading g = (J),^ Qij defined as in £15.31 Note that Afi = Ud and let ip = ip d . Note that the 
conditions of Condition 15.5.11 arc satisfied. 

Let <f) € pr v » _ d+i (AV(L)). By the algebraic key Lemma r5.5.3l we have (fr + ip £ V(tt). By the definition 
of d, this implies ((</> + ijj)*) d = and thus, by Lemma [5.6.1 1 (f> = 0. □ 

Proof of Theorem VS. 0.5\ By Corollarv l5.6.21 pr * a+i (AV(L)) = {0}. Hence any X £ X> n -d+i vanishes on 
AV(L) C P* n -d+i- Hilbert's Nullstellcnsatz this implies that there exists k such that X k £ Ann(gr(L)). 
Since V n -d+i is finite dimensional, one can find one k suitable for all X £ O n -d+i- Since L l is an n n -d+i~ 
good filtration on L, gr(L) is finitely generated over Sym(n„_(i+i)- Since Sym > (t> n -d+i) acts by zero, 
gr(L) is finitely generated even over Sym(n„_ c i)- Thus, U is an n n -d~ good filtration and hence L is 
finitely generated over n n -d- Thus, by Theorem 12.2.21 it is an admissible Harish-Chandra module over 
G n -d- n 

6. Preliminaries On Schwartz functions on Nash manifolds 

In the proofs of Theorems 13.0.81 and 13.0.131 we will use the language of Schwartz functions on Nash 
manifolds, as developed in |AG08j . 

Nash manifolds are smooth semi-algebraic manifolds. In sections [7] and [5] only algebraic manifolds 
are considered and thus the reader can safely replace the word "Nash" by "real algebraic" . However, in 
section [S]we will use Nash manifolds which are not algebraic. 

Schwartz functions arc functions that decay, together with all their derivatives, faster than any polyno- 
mial. On R" it is the usual notion of Schwartz function. We also need the notion of tempered functions, 
i.e. smooth functions that grow not faster than a polynomial, and so do all their derivatives. For precise 
definitions of those notions we refer the reader to |AG08j . In this section we summarize some elements 
of the theory of Schwartz functions. We will give more details in ^9.61 

Notation 6.0.1. Let X be a Nash manifold. Denote by S(X) the Frechet space of Schwartz functions 
on X. For any Nash vector bundle £ over X we denote by S{X 1 £) the space of Schwartz sections of £ . 
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Proposition 6.0.2 ( [AG08] , Theorem 5.4.3). Let U C X be a (semi-algebraic) open subset, then 
S(U,£) = {4> S S(X, £)\ <p is on X\U with all derivatives] . 

Notation 6.0.3. Let Z be a locally closed semi- algebraic subset of a Nash manifold X . Let £ be a Nash 
bundle over X . Denote 

S x (Z, £) := S(X - (Z - Z), £ )/S(X - Z, £). 
Here we identify S{X — Z,£) with a closed subspace of S{X —{Z ~ Z),£) using the description of Schwartz 
functions on an open set (Proposition 16. (fJfy . 

Corollary 6.0.4. Let X := Ui=i ^-i be a Nash stratification of a Nash manifold X , i.e. U i=J - * s an 
open Nash subset of X for any j. Let £ be a Nash bundle over X . 

Then S(X,£) has a natural filtration of length k such that Gr l (S(X,£)) = Sx{Xi,£). 

Moreover, if Y is a Nash manifold and X C Y is a (locally closed) Nash submanifold then Sy{X,£) 
has a natural filtration of length k such that Gr l (Sy (X , £)) = Sy{Xi,£). 

Notation 6.0.5. Let X be a Nash manifold. 

(i) We denote by Dx the Nash bundle of densities on X . It is the natural bundle whose smooth sections 
are smooth measures. For the precise definition see e.g. |AG10j . 

(ii) Let (j> : X — > Y be a map of (Nash) manifolds. Denote Dy := D^ := <f>*{D Y ) <8> Dx- 
(Hi) Let £ ^Y be a (Nash) bundle. Denote 4> ? {£) = <f>*(£) <g> Dy . 

Remark 6.0.6. If (j) is a submersion then for ally EY we have Dy |</,-i(y) — D^-i^y 

6.1. Tempered functions. Analyzing smooth representations from a geometric point of view we en- 
counter two related technical difficulties: 

• Most characters of F x are not Nash 

• ip is not Nash. 

This makes the group action on the geometric objects that we consider to be not Nash. This could cause us 
to consider geometric objects outside the realm of Nash manifolds. In order to prevent that we introduce 
some technical notions, including the notion of G-tempered bundle which is, roughly speaking, a Nash 
bundle with a tempered G-action. The price of that is the need to make sure that all our constructions 
produce only Nash geometric objects. 

Notation 6.1.1. Let X be a Nash manifold. Denote by T(X) the space of tempered functions on X. 
For any Nash vector bundle £ over X we denote by T{X,£) the space of tempered functions of £ . 

Note that any unitary character of a real algebraic group G is a tempered function on G. 

Definition 6.1.2. Let X be a Nash manifold and let £ and £' be Nash bundles over it. A morphism of 
bundles (j) : £ — > £' is called tempered if it corresponds to a tempered section of the bundle Hom(£, £'). 

Note that if 4> :£—>£' is a tempered morphism of bundles, then the induced map C°°(X,£) — > 
C°°(X, £') maps S{X,£) to S(X,£') and T(X,£) to S{X,£'). 

Definition 6.1.3. Let a Nash group G act on a Nash manifold X. A G-tempered bundle £ over 
X is a Nash bundle £ with an equivariant structure (j) : a*(£) — > p*(£) (here a : G x X — > X is the 
action map and p : G x X — > X is the projection) that is a tempered morphism of bundles such that 
for any element L in the Lie algebra of G and any open (semi-algebraic) subset U C X the derived map 
a(L) : C°°(U,£) — > C°°(U,£) preserves the sub-space of Nash sections of £ on U. 

Definition 6.1.4. • We call a character x of a Nash group G multiplicative if x — M ° X> where 

X ■ G — > F x is a homomorphism of Nash groups and fi : F x — > C x is a character. Note that all 
multiplicative characters are tempered. 

• A multiplicative representation of G is a product of (finite- dimensional) Nash representation of 
G with a multiplicative character. 

• Let a Nash group G act on a Nash manifold X. A G-tempered bundle £ over X is called G- 
multiplicative bundle if for any point x £ X , the fiber £ x is a multiplicative representation of 
the stabilizer G x . 
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7. Proof of exactness and Hausdorffness (Theorem I3.0.8J) 

We will prove Theorem 1 3 . . 8 1 for the "untwisted" functor E^. Clearly, these versions are equivalent. 
The proof is based on the following theorem. 

Theorem 7.0.1. There exists a sequence of collections {CVi}^^ of topological Hausdorff p n - 
representations such that 

(1) Any representation parabolically induced from a finite- dimensional representation of the torus lies 
in C n . 

(2) For any tt £ C n , tt ® (—ip) is V n -acyclic (as a linear representation) . 

(3) For any tt £ C n , we have 7r„ re: ^ <E C n -i- 

We will prove this theorem in ^7.11 

Corollary 7.0.2. Any p n -representation tt of the class C n is acyclic with respect to E^ and E^(tt) is 
Hausdorff, for any < k < n. 

This corollary follows from Theorem 17.0. 11 using the following lemma that we will prove in S £19.31 

Lemma 7.0.3. Let tt be a representation of p n . Suppose that tt is ^-acyclic and $(tt) is E k -acyclic. 
Then tt is E k+1 -acyclic. 

Corollary 7.0.4. Any representation tt of G n parabolically induced from a finite- dimensional represen- 
tation of the torus is acyclic with respect to and E^irr) is Hausdorff, for any < k < n. 

Now we are ready to deduce Theorem 13.0.81 The deduction follows the lines of the proof of CHMOO , 
Lemma 8.4]. 

Proof of Theorem ] 3. 0.8\ (Q]) First of all, note that it is enough to show that for any tt <G M.oc(G n ), the 
u'^-representation tt <E) (— ^ s acyclic. 

We will prove by downward induction on I that ff'(u^,7r ® (—ipn)) = ^ f° r an y 17 ^ -Moo(G n ). For 
I > dimu„ it follows from the Koszul complex (see §§E2J|). Let us assume that the statement holds for 
/ + 1 and prove it for I. By the Casselman subrepresentation theorem (Theorem I2.2.6[) . one can embed 
tt into a representation I parabolically induced from a finite dimensional representation of the torus. 
Consider the short exact sequence 

-> TT -> I -> I/tt -> 0. 

By Corollary r2.2.51 I/tt £ Moo{G n ) and thus, by the induction hypothesis, H l+1 (u k , (I/tt) <g> (— ^*)) = 0. 
By Corollary [Ha I ® (-V*)) = for all i > 0. Thus, H l (u k n , tt g> (-0*)) = #' +1 (u£, (I/tt) $ 

(-^)) = o. 

(j2j By the Casselman subrepresentation theorem (Theorem 12. 2.6[) . one can embed tt into a represen- 
tation I parabolically induced from a finite dimensional representation of the torus. By (flj, we have an 
embedding E^Itt) ■=->• E^(I). By Corollary 17.0.41 E^(I) is Hausdorff and hence £^(71") is Hausdorff. 

□ 

7.1. Good p„-representations and the analytic key lemma. The following lemma will play a key 
role in this and the next section. 

Lemma 7.1.1 (The analytic key lemma). Let T be a Nash linear group, i.e. a Nash subgroup of GLk(M) 
for some k, and let R := P n x T and PJ := G n -\ x T . Let Q < R be a Nash subgroup and let X := R/Q 
and X' := V n \X . Note that X' = R'/Q', where Q' = Q/(Q n V n ). Let X = {x £ X : tp\(y n ) x = 1}- Let 
X' be the image of Xq in X' . Let £' be an R 1 -tempered bundle on X 1 and £ := p x ,(£') be its pullback to 
X . Then 

(i) Hi(0„,5(X,£) ® (-ip)) = for any i > 0. 
(ii) Xq is smooth 

(Hi) Ho(t) n , S(X, £) <g> (—ip)) = S(Xq,£\x') as representations o/p„_i. 
We will prove this lemma in CtUl 
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Definition 7.1.2. Let B n < G n denote the standard (upper-triangular) Borel subgroup. In the situation 
of the above lemma, assuming that (B n l~l P n ) x T has finite number of orbits on X, and that £' is 
R! -multiplicative we call the representation S{X,£) a geometric representation ofp n . 

Definition 7.1.3. We define a good extension of nuclear Frechet spaces to be the following data: 

(1) a nuclear Frechet space W 

(2) a countable descending filtration F l (W) by closed subspaces 

(3) a sequence of nuclear Frechet spaces Wi 

(4) isomorphisms fa : F ,+1 (W)/F t (W) -> Wi 

such that the natural map W — > \ivaW/F l (W) is an isomorphism of (non-topological) linear spaces. 

In this situation we will also say that W is a good extension of Wi . If a Lie algebra g acts on W and 
on Wi, preserving F l {W) and commuting with <f> we will say that this good extension is ^-invariant. 

Definition 7.1.4. We define the collection of good representations ofp n to be the smallest collection that 
includes the geometric representations and is closed with respect to p n -invariant good extensions. 

We will prove the following concretization of Theorem 17.0.11 

Theorem 7.1.5. 

(1) The representations of G n parabolically induced from a finite dimensional representation of the 
torus are good representations of p n . 

(2) For any good representation tt of p n , tt ® (—if)) is <o n -acyclic (as a linear representation). 

(3) For any good representation tt of p n , the representation 7r Dn! ^ is good representation of p n -\. 

For the proof we will need some lemmas. 

Lemma 7.1.6. Let T be a Nash linear group, and let R := P„ x T and R' := G n -\ x T. Let Y be an 
R-Nash manifold. Let X C Y be an R-invariant (locally closed) Nash submanifold such that (B n nP n ) x T 
has finite number of orbits on X . Let £ be an R- multiplicative bundle on Y . Then the representation 
Sy{X,E) is good. 

We will prove this lemma in § £19.71 

Lemma 7.1.7. Let G be a Nash group and H be a closed Nash subgroup. Let x be a multiplicative 
character of H . Let K be a closed Nash subgroup of G such that KH = G and x\kc\h is a Nash 
character. Let £ = G x h X be the smooth bundle on G/H obtained by inducing the character x- Then £ 
admits a structure of a G -multiplicative bundle. 

We will prove this lemma in § £19.81 

Corollary 7.1.8. Let x be a character of the torus T n < B n < G n , continued trivially to B n . Let 
it = Ind 1 ^" (x) ■ Then there exists a G n -multiplicative bundle £ on G n /B n such that ir = S(G n / B n ,£) . 

Lemma 7.1.9. Let q be a Lie algebra. Let (tt, F, 7r,) be a ^-invariant good extension. Suppose that 7Tj are 
Q-acyclic and Hq(q, 7Tj) is Hausdorff for any i. Then n is acyclic and Ho(g,7r) together with the induced 
filtration F 1 (R (q,it)) = F'(t:)/(qt: n F 1 (t:)) and the natural morphisms F 4 (Ho(fl, 7r))/F ?+1 (H (g, 7r)) -» 
Ho(0,7Ti) form a good extension. In particular, Ho(g,7r) is Hausdorff. 

We will prove this lemma in ^9.51 

Proof of Theorem \ 7. 1 . 5\ 

([T]) Let a be a finite dimensional representation of the torus and let 7r £ Moo(G n ) be its parabolic 
induction. Without loss of generality, by the definition of goodness, we can assume that a is a 
character. In this case tt is good by Corollary 17. 1 . 81 and Lemma \7. 1.61 

([2]) The analytic key lemma (Lemma 17. 1.1)) implies that tt <E> (—"0) is acyclic for any geometric rep- 
resentation 7r. Hence Lemma 17.1.91 implies by induction that tt ® (—tp) is acyclic for any good 
representation tt. 
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J3J If 7r = S(X, £) is a geometric representation then by the analytic key lemma (Lemma 17.1.1]) . 
TVx> n ,ii> — S(Xq,£'\x'), where £' and X' Q are as in the analytic key lemma. Let T denote the 
product of T with the center of G n -\. Clearly, T acts on X' and P„_i x T = (B n -x n P n -i) x T 
has a finite number of orbits on X' a . Thus, by Lemma 17.1.61 i^x>n,i> * s g°°d- 

Now let 7r be a good representation. We can assume by induction that 7r is a good extension 
of 7Tj, where 7T, are good and (7rj)t> n ,i/> are good. Then Lemma |7. 1 .91 implies that 7Td„.^ is a good 
extension of (Tti)v n ,ip and hence is good. 

□ 

For the proof of Theorem 13.0.131 we will need the following corollary of Lemma 17.1.91 and Theorem 

ellu 

Corollary 7.1.10. Let (7r, P, 7r^ ) be a p„-invariant good extension of good representations of p n . Then 
E k (ir) together with the induced filtration defined by the images of E k (F l (ir)) and the natural morphisms 
F l {E k {n))/F l+1 (E k (ir)) E k (ir. t ) form a good extension. 

8. Highest derivative of monomial representations (Proof of Theorem 13.0.13]) 

We first sketch the proof for the case of product of two characters. We believe that using an appro- 
priate notion of Frechet bundles it will be possible to upgrade this proof to the case of product of two 
representations, which by induction will give a proof of Conjecture 13. 1.11 (and thus also Theorem 13. 0.13[) . 

Since we do not currently have a proof for a product of two representations, in ^8.31 - 18.51 we prove 
Theorem 13.0. 131 directly for a product of k characters. 

8.1. Sketch of proof for the case k = 2. First, note that there exists a G„-multiplicative line bundle 
£ over G n / Pr ni! n 2 ) such that xi x X2 — <5(G n /P(„ lin2 ), £ ) and the action of P( ni .„ 2 ) on the fiber is given 
by trivial extension of xi ® X2, twisted by a power of the determinant. 

Let w n G G n denote the longest Weyl group element. Let x\,x% G X be the classes of 1 and w n in 
correspondence and let 0\ and 02 be their P n -orbits. Note that X = 0\ U 02- Thus, by Corollarv l6.0.41 
we have a short exact sequence 

S(0 2 ,£) -> S(X,£) -> S x {O u £) -> 0. 

By Lemma [TXHl S{0 2 ,£) and S x {0 1: £) arc good. By Theorem 17X51 S(0 2 ,£) and S x (O u £) are 
acyclic with respect to $ and thus we have a short exact sequence 

-> $(S(0 2 ,£)) -> $(S(X,£)) -> $(S x (O u £)) -> 0. 

The proposition follows from the following 2 statements: 

(1) $(<S x (0i,£)) = 

(2) $(5(O a ,f)) = (7ri)| GBI _ 1 x(7r a )|G B8 _ 1 . 

Let us first show (TTJ. Using the results of $7] and a version of the Borel lemma (Lemma 19.6.17]) . 
we reduce to the statement <&(S(Oi,£')) = for any P n -multiplicative equivariant bundle £' . Let 
p : 0\ —± V n \Oi be the natural projection. Using the nilpotency of the action of V n on £' we reduce 
to the case £' = p' {£")■ This case follows by the analytic key lemma (Lemma 17. Lip from the inclusion 

P Xl — P n n P(ni,n 2 ) D Vn- 

The proof of @ is a computation based on the analytic key lemma (Lemma 17.1.11) . 

8.2. Structure of the proof. Let A = (m, . . . , rife) be a composition of n. The monomial representation 
is isomorphic to S(G n /P\, £) for some G n -multiplicative line bundle £ over X := G n /P\. Let Ox, ■ • ■ , Ok 
be the P„-orbits on G n /P\, where 0\ is the open orbit. We reduce the problem to the following two 
tasks: 

• to compute E k {S{0 1: £ )) 

• to show that E k (S x (Oi, £')) for any P n -multiplicative equivariant bundle £' on X any 2 < i < k. 
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We do both tasks by induction using the analytic key lemma (Lemma I7.1.ip and the fact that the 
P„_i-orbits on the geometric quotient V n \Oi looks exactly like Oj when n is replaced by n — 1. 

In ^8.3l we study the geometry of P„-orbits on X. In § ^8.41 we reformulate the above tasks in explicit 
lemmas, that will be proven in S ^9.9I In S £18. 51 we prove Theorem 13.0. 131 using those lemmas. 

8.3. Geometry of P„-orbits on flag varieties. Let A = (rii, . . . , rife) be a composition of n. In this 
subsection we describe the orbits of P n on G n /P\. Note that the scalar matrices act trivially on G/P\ 
and thus P n orbits coincide with P„_i i-orbits. By Bruhat theory, P( n -i,i)\G n / P\ can be identified with 
the set of double cosets of the symmetric group permuting the set {1, . . . , n} by subgroups corresponding 
to V( n -x,i) and Pa respectively. The first subgroup is the stabilizer of the point n, and the second is the 
subgroup of all permutations that preserve the segment [rii-i + 1, rii] for each i. Thus, the double quotient 
consists of k elements. Now we want to find a representative in G n for each double coset. We can choose 
all of them to be powers of the standard cyclic permutation matrix. This discussion is formalized in the 
following notation and lemma. 

Notation 8.3.1. 

• Let c £ G n denote the standard cyclic permutation matrix, i.e. cei = e^+i fori < n and ce n = ei, 
where ei are basis vectors. 

• m\ := X)/=i n i- I n particular, m\ = n. 

• Forl<i<k, let w\ := c n ~ m ^ z+1 £ G n 
. Pi := wiPxiwi)- 1 . 

• Let x\ be the class of w\ in G n /Px and 0\ := P n x\. 
. Q\ :=P(nP„. 

See Appendix [Cl for examples of the objects described in this and the following notations. 

Lemma 8.3.2. 

(i) The stabilizer of x\ is Q\. 
(ii) 0\ are all distinct, 
(m) G n /Px = U- =1 0\ 

(iv) For any I < k, |Ji=i ®x * s c ^ osea ' ^ n G n /Px ■ 
We will also be interested in the representatives of P„-orbits on G n /P\- 

Notation 8.3.3. Let A = (m, . . . , n^) be a composition of n. For 1 < i, j < k, 

• Let w% := (w'i^wi € G n 

• Let xV be the class of w\ ] in G n jP\ and :— P n xV . 

Corollary 8.3.4. Fix i < k. Then 
(i) The stabilizer of xV is Q{. 
(ii) 0\ 3 are all distinct, 
(m) G n /P{ = U U Of 

(iv) For any I < k, [Jj—i * s c ^ ose d in G n /P\- 
{x l £}j =1 is a full system of representatives for P n -orbits in G n jP\, and the stabilizer of x 1 ^ is Q J X . 

Notation 8.3.5. For any 1 < i < k, denote A^ := (m, . . . , rij_i, n, — 1, . . . , Uk)- 

The following lemma is a straightforward computation (see Appendix [Q for a particular example.). 

Lemma 8.3.6. Let A = (rii, . . . , nfe) be a composition of n. Let X := P/Q\ and Z := (V n )\X be the 
geometric quotient. Note that Z = G n -\j P\, , where A' = 1" 

Let L = Q\ n V n and Z$ := {g 6 G n -i : ipfaL) = 1}- Note that Zq is right-invariant with respect to 
P{,. LetZ a :=Z a /P l y CZ. 

Then x 1 ^, £ Zq if and only if 1 < j < i. 
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8.4. Derivatives of quasi-regular representations on P„-orbits on flag varieties. The proof of 
Theorem 13.0. 131 is based on two lemmas that we formulate in this subsection and prove in S ^9.9I 

Lemma 8.4.1. Let A = (m, . . . , n&) be a composition of n. Let Y be a Nash P n -manifold and £ be 
a P n -multiplicative bundle on Y. Let Xq £ Y be a point with stabilizer Q\ and let X := P n xo- Let 
n := S Y (X,£). Then E i+1 (tt) = 0. 

Notation 8.4.2. • Denote by X the set of all characters of F x . 

• Let a = (ai, . . . , otk) € X fe . Denote by £ A a the character of L\ defined by 

k 

?A, a (fi, ■ • ■ ,9k) = JJ(ai(det(£fi)). 

t=i 

and by the character of L\ defined by 

k 

&,a(ffi, • ■ • ,9k) = ?A,Xfk = H( ai (dct(g t ))\ det( fli )l (n - ml - m " 1)/2 )- 

i=l 

• Let X\,a o-nd X\ a be the extensions of £\ t a <xnd £ A a to P\. 

• Denote by x\, a and x\, a the characters of P{ defined by x\, a {.9) = X\.a((w l x )~ l gw 1 x ) and 

t\, a (g) = Xx, a ((wi)- 1 gw{). 

Lemma 8.4.3. Let X = {n\, . . . ,Tik) be a composition of n. Let X := P n /Q\. Let£ be a P n -multiplicative 
line bundle on X. Let n := S(X,£). Let xq e X be the class of the trivial element of P n . Consider 
£\ Xo as a character of Q\. Suppose that this character is the restriction of x\ a to Q\, for some a = 
(ai,...,aj;) £ I 1 ". Then 

£ " ( 7r )|G„_ I = X( ni _),( ai \det X ' ' ' X X( raji _ i ),(on ! _ j |det|-V2) X X(n fe _ j+1 -l),(a,t_ i+1 ) X ■ ■ • X X{n h -l),{<x k ) 

8.5. Proof of Theorem mnUl 

Lemma 8.5.1. Let a = (ai, . . . , <E There exists a G n -multiplicative line bundle £ over G/P\ 
such that X(ni),( Q i) x • ■ ■ x X{n k ),(a k ) = S(G / P\,£) and the action of P\ on the fiber £ x i is given by the 
character Xx,a- 

This lemma follows from Lemma. 17.1.71 

Proof of Theorem VS. 0.1 3\ Let X := G n /P\ and let £ be the G„-multiplicativc equivariant bundle given 
by Lemma [8.5.11 We have to show that E k (S(X,£)) = X(ni-i),(ai) x ■•• x X{n k -i),(a k )- Recall that 
by Lemma 183^1 G n /P\ = [j k l=1 O l x . Thus, by Corollary RHHl there is a finite filtration on S(X,£) 
such that Gr l (S(X,£)) = Sx(O l x ,£). By Lemma 17.1.61 each Sx(0\,£) is a good representation of 
p n and thus, by Theorem 17.1.51 Sx(0\,£) is E^-acyclic. Thus, E k (S(X, £ )) has a filtration such that 
Gr l (E k (S(X,£))) = E k (S x (0{,£)). By Lemma [5X11 E k (S x (0{,£)) = for all i < k. By Lemma 

EM 

E k (S(0\,£))\ Gn _ k = X(m-l),(ai) X • • • X X(n k ~l),(a k ) 

Thus, 

E k (S(X,£))\ Gri _ k =E k (S(O k Xl £))\ Gn _ k = xcm-iJ.CaO x-x^-DW 

□ 

Remark 8.5.2. Note that this proof gives a description of E (xi x • • • x Xk) for an arbitrary I. More 
precisely, we get a filtration on this space and a description of each quotient. However, this is an infinite 
filtration, indexed by a rather complicated ordered set. 

In fact, we have a recipe to compute <&{S(P/Q\,£)) for any multiplicative bundle £. First, we use 
Lemma \9. 7.1\ to reduce to the case when £ is the pullback of a bundle £' on the geometric quotient 
Pn/Q\Vn- Then the analytic key lemma (Lemma \7.1.1ty says <&(S(P/Q\,£)) = S(X' ,£'), where X' C 
Pn/Q\V n - The set X' is described in Lemma \8.3.6\ This gives us a filtration on S{X' ,£') such that the 
associated graded pieces are of the type 5(P n _i/(5^_ , £jk) where 1 < j < i and k > 0. 
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Since the orbits of P n on X/P\ are P n /Q\, we can use this recipe in order to describe the value of 
the functor $ on products of finite- dimensional representations and then, proceeding inductively, we can 
describe the functor E % on such representations. 

9. Proofs of some technical lemmas 

9.1. Finite dimensional dense subspaces (Proof of Lemma 13.0. 10]) . 

Lemma 9.1.1. Any locally convex Hausdorff topology on a finite dimensional vector space is equivalent 
to the standard topology. 

Proof. Since W is finite dimensional, we have a linear isomorphism <f> : W 1 — > W, which is continuous. 
Thus, the topology on W is not stronger than the classical one. Hence it is left to prove that for any 
r > 0, <fi(B(0, r)) contains an open neighborhood of 0, where -B(0, r) denotes the open ball with radius r 
and center at the origin. 

Since W is Hausdorff, for any compact C C ffi™, (f>(C) is closed. Consider (j)(B(0, r) U (W 1 \ B(0, 2rj)). 
It is an open neighborhood of 0, hence it contains an open convex neighborhood of which in turn must 
be contained in (f>(B(0, r)). □ 

We immediately obtain 

Corollary 9.1.2. // a locally convex Hausdorff topological vector space W has a dense finite dimensional 
subspace then W is finite dimensional. 

9.2. Preliminaries on homological algebra. 

Definition 9.2.1. Let C be an abelian category. A family of objects A C Ob(C) is called a generating 

family if for any object X £ Ob(C) there exists an object Y £ A and an epimorphism Y -» X . 

Definition 9.2.2 ([GM88 , III. 6. 3). Let C and V be abelian categories and T : C — > T> be a right- 
exact additive functor. A family of objects A C Ob(C) is called J- -adapted if it is generating, closed 
under direct sums and for any acyclic complex ■ ■ ■ — ¥ A3 — > A2 — > A\ — > with Ai £ A, the complex 
F(A 3 ) F(A 2 ) J 7 (Ax) -> is also acyclic. 
For example, a generating, closed under direct sums system consisting of projective objects is J 7 -adapted 
for any right- exact functor J- . For a Lie algebra, the system of free Q-modules (i.e. direct sums of copies 
ofU(o)) is an example of such system. 

The following results are well-known. 

Theorem 9.2.3. Let C and T> be abelian categories and J- : C — > T> be a right-exact additive functor. 
Suppose that there exists an J- -adapted family A C Ob(C). Then T has derived functors. 

Remark 9.2.4. Note that if the functor T has derived functors, and A is a generating class of acyclic 
objects then A is J- ' -adapted. 

Lemma 9.2.5. Let A, B and C be abelian categories. Let T : A — > B and Q : B — > C be right-exact 
additive functors. Suppose that both J- and Q have derived functors. 

(i) Suppose that T is exact. Suppose also that there exists a class £ C Ob(A) which is Q o T -adapted 
and such that IF(X) is Q-acyclic for any X £ £ . Then the functors L l (Q 0J 7 ) and L l Q oj 7 are isomorphic. 

(ii) Suppose that there exists a class £ C Ob(A) which is Q o J- ' -adapted and J- -adapted and such that 
J~(X) is Q-acyclic for any X £ £ . Let Y £ A be an T-acyclic object. Then L l (Q o T){Y) is (naturally) 
isomorphic to L' l Q(TiY)). 

(Hi) Suppose that Q is exact. Suppose that there exists a class £ C 06(-4) which is Q o T-adapted and 
J 7 -adapted. Then the functors L l (Q o J 7 ) and Q o L 1 ^ are isomorphic. 

9.2.1. Lie algebra homology. Let g be a Lie algebra and n £ M.(q). The homology of g with coefficients 
in 7r arc defined by Hi(g, 7r) := L 1 C(tt), where C : Ai(g) — > Vect is the functor of coinvariants and L l C 
denotes the derived functor. The homology Hi(g, 7r) is equal to the i-th homology of the Koszul complex. 



(17) 



0<-7T<-fl(g)7r^----<- A"(fj) ® 7T <- 0. 
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The following lemmas are standard and can be easily deduced from Lemma 19.2.51 

Lemma 9.2.6. Let t) C gi C g be Lie algebras. Let ip be a character o/f). Suppose that Qi stabilizes 
(f),V0' Let T : M(g) — > M(qi) be the functor defined by = ir^^. Then L l (J")(7r) = Hj(f), tt® (— -0)). 

Lemma 9.2.7. Let q be a Lie algebra and i be its Lie ideal. Let ir be a representation of g. Suppose that 
7r is \-acyclic and Ho(i,7r) is Q/i-acyclic. Then -k is Q-acyclic. 

The last lemma is in fact a special case of the Hochschild-Serre spectral sequence. 

9.3. Acyclicity with respect to composition of derivatives(Proof of Lemma l7.0.3p . By Lemma 
I9.2.5f ii'). it is enough to show that there exists a class of representations of p n that is ^-adapted, E k+1 - 
adapted, and such that for every object r in the class, $(r) is E^-acyclic. We claim that the class of free 
[/(p„)-modulcs satisfies this conditions. 

For this it is enough to show that U(p n ) is E k+1 and <3? acyclic and <&(£/ (p„)) is E k acyclic. By Lemma 
10 . 2 . 61 it is equivalent to showing that 

Hi(u* + \ U(p n ) ® = FL>„, U(p n ) ® (-</>„)) = Hi(<-i, U(p n ) Vn ,^ ® = 0, 

for any i > 0. This follows from the fact that U{p n ) ® (— i>n +1 ) is f pee u n +1 module, U(p n )®{—ipn) is free 
0„- module and U(p n )t> n ,ip n ® (— V'n-i) ^ s lree u^j-module. This is immediate by the PBW theorem. 

9.4. Preliminaries on topological linear spaces. We will need some classical facts from the theory of 
nuclear Frechet spaces. A good exposition on nuclear Frechet spaces can be found in [CHM00 . Appendix 
A]. 

Definition 9.4.1. We call a complex of topological vector spaces admissible if all its differentials have 
closed images. 

Proposition 9.4.2 (see e.g. [CHMOOj . Appendix A). 

(1) Let V be a nuclear Frechet space and W be a closed subspace. Then both W and V/W are nuclear 
Frechet spaces. 

(2) Let 

C : -> d -> > O n 

be an admissible complex of nuclear Frechet spaces. Then H l (C) are nuclear Frechet spaces. 

(3) Let 

C : -> Ci > O n 

be an admissible complex of nuclear Frechet spaces. Then the complex C* is also admissible and 
H,{C*) S H^C)*. 

Corollary 9.4.3. Let q be a (finite dimensional) Lie algebra and tt be its nuclear Frechet representation 
(i.e. a representation in a nuclear Frechet space such that the action map g <X> tt — > tt is continuous). 
Suppose that Hj(0,7r) are Hausdorff for all i > 0. Then Hj(g, 7r) are nuclear Frechet and H 1 {q 1 'k*) = 
Hi(fl,7r)*. 

Proposition 9.4.4 (see e.g. [CHMOOj . Appendix A). 

Let 0— >V— > W — > U — >0 be an exact sequence of nuclear Frechet spaces. Suppose that the embedding 
V — > W is closed. Let L be a nuclear Frechet space. Then the sequence — > V(§)L — ¥ W(§)L — ¥ U ®L — > 
is exact and the embedding V®L —¥ W®L is closed. 

9.5. Co-invariants of good extensions (Proof of Lemma 17.1. 9|) . Let us first prove the following 
special case. 

Lemma 9.5.1. Let 0— > L — V M — > N — >0 be a short exact sequence of nuclear Frechet representations 
of a Lie algebra q. Suppose that L and N are acyclic and that Ho(g, L) and Ho(g, N) are Hausdorff. 

Then M is acyclic, H o (0, M) is Hausdorff, and — > H (g, L) — > H (rj, M) — > H (g, N) — > is a short 
exact sequence. 
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Proof. The long exact sequence implies that M is acyclic and — > Ho(g, L) — > Ho(g, M) — > Ho(g, N) — > 
is a short exact sequence. 

By Proposition l9A2l(3j) — > iV* — > M* — > L* is exact, by Corollary 15X51 L* is g-coacyclic (i.e. 
H\q,L*) = for i > 0) and hence -> (N*) B -> (M*) 8 -> (L*) B -> is exact. We have to show that 
gM is closed in M. For that it is enough to show that for any x G M, if for any / G (M*) B we have 
f(x) = then x G gM. Let y be the image of x in N. We know that any / G (A^*) B vanishes on y, and 
hence y G gA^. Hence 3a;' € gM such that x — x' G L. Since the map (Af*) fl — > (L*) B is onto, every 
element in (L*) B vanishes oni- x'. Thus x — x' G gL and hence a; G gM. □ 

We will also need the following lemma. 

Lemma 9.5.2. Let C\ Ck be a complex of linear spaces. Suppose that each Cj is equipped 

with a descending filtration F l (Cj) such that F°(Cj) — Cj, f]F l (Cj) — and Mm^Cj / F l [Cj) = Cj, 

and djiF^C,)) C F^Cj+i). Suppose that F l {Ci)/ F l+1 (Ci) -> > F l (C k ) / F i+1 {C k ) is exact. Then 

C\ Ck is also exact. 

Proof. Let m G Kerdj C Cj. Let rrij := [m] G Cj / F l (Cj). We want to construct n G Cj_i such that 
dj-\(n) = m. Since Cj-i = lim^ Cj-i/ F l {Cj-\) for that it is enough to construct a compatible system 
of representatives n, G Cj-x/F l (Cj-\), Wc build this system by induction. Suppose we constructed 
n, and left n\ be an arbitrary lift of to C 3 -_i/-F ,l+1 (Cj_i). Consider e := rrij+i — Then 
e G F i (C j )/F i+1 (Cj). Moreover, ef(e) = 0. Hence there exists 5 G F^Cj-iJ/^+^Cj-i) such that 
d(5) = e. Define n,+i := + <5. □ 

Proof of Lemma \7.1.9\ Lemma 19.5.11 implies by induction that ir/F l (ir) is acyclic and A4 := 
Ho(g, ir/F l (ir)) is Hausdorff, and hence is a nuclear Frechet space. Lemma 19.5.11 also implies that 
Ai — > Ai + \ is onto. Define := lim^ Ai (as a linear, non-topological, representation). Consider 
the Koszul complex of ir extended by Aoa : 

(18) O^Aoo^Tr^g^iTr^---^ A"(g) ® tt <- 0. 

Lemma 19.5.21 implies that the sequence (|18p is exact. Hence tt is acyclic and the natural map Ho(g, w) — > 
Aoa is an isomorphism (of vector spaces) . 

Let pi : tt — > it/F z (it) denote the natural projection. The exactness of (TT5|) implies 

07r = f|p- 1 (g( 7 r/^W)) 

i 

which in turn implies that qtt is closed and thus Ho(g,7r) is a nuclear Frechet space. 

Consider the short exact sequence — > F l (ir) — >• tt — > tt/{F % {it)) 0. We showed that it consists of 
acyclic objects and that Ho(g, F 1 {tt)) and Ho(g, tt/(F 1 (it))) are Hausdorff. By Lemma T9 . 5 . 1 1 this implies 
that — > Ho(g,F'(7r)) — > Ho(g,7r) — > Ho(g, it / (F l (tt))) — > is a short exact sequence of nuclear Frechet 
spaces and hence the image of H (g, F 1 (tt)) <-t H (g, tt) is closed. 

Note that i 7 ' 4 (Ho(g, tt)) = Ho(g, F l (7r)). To sum up, Ho(g, tt) is a nuclear Frechet space, i^*(Ho(g, tt)) 
are closed, the natural morphisms F l (Ho(g,7r)) — > Ho(g,7Ti) are isomorphisms and Ho(g, tt) = Aoa = 
lmHo(fl,7r)/(J^(Ho(fl,7r))). □ 

9.6. More on Schwartz functions on Nash manifolds. In this subsection we will recall some prop- 
erties of Nash manifolds and Schwartz functions over them. We work in the notation of |AG08j , where 
one can read about Nash manifolds and Schwartz distributions over them. More detailed references on 
Nash manifolds are |BCR98j and |Shi87j . 

Nash manifolds are equipped with the restricted topology, in which open sets are open semi-algebraic 
sets. This is not a topology in the usual sense of the word as infinite unions of open sets are not necessarily 
open sets in the restricted topology. However, finite unions of open sets are open and therefore in the 
restricted topology we consider only finite covers. In particular, if £ over X is a Nash vector bundle it 
means that there exists a finite open cover Ut of X such that £\jji is trivial. 

Fix a Nash manifold X and a Nash bundle £ over X. 

An important property of Nash manifolds is 
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Theorem 9.6.1 (Local triviality of Nash manifolds; |SIii87| . Theorem 1.5.12 ). Any Nash manifold can 
be covered by a finite number of open submanifolds Nash diffeomorphic to R" . 

Together with |AG081 Corollary 3.6.3] this implies 

Theorem 9.6.2. Let Y C X be a closed Nash submanifold. Then there exist open sunsets {Ui}™ =1 C X 

and Nash diffeomorphisms 4>i '■ R" ^> Ui such that Y C U" =1 [/, and ^{Ui n Y) is a linear subspace of 
R". 

Theorem 9.6.3 ( |AG10j . Theorem 2.4.16). Let s : X Y be a surjective submersive Nash map. Then 

k 

locally it has a Nash section, i.e. there exists a finite open cover Y = [J Ui such that s has a Nash 

i=l 

section on each Ui. 

Corollary 9.6.4. An etale map (f) : X Y of Nash manifolds is locally an isomorphism. That means 
that there exists a finite cover X = [JUi such that <p\jj i is an isomorphism onto its open image. 

Corollary 9.6.5 f |AG09j . Theorem B.2.3). Let p : X — s- Y be a Nash submersion of Nash manifolds. 
Then there exist a finite open (semi- algebraic) cover X = [J Ui and isomorphisms <f>i : Ui = Wi and 
ipi : p(Ui) = Oi where Wi C R di and Oi C R fci are open (semi- algebraic) subsets, hi < di and p\u ( 
correspond to the standard projections. 

Notation 9.6.6. Let U C X be an open (Nash) subset. We denote by Nash(£7, £) the space of Nash 
sections of £ on U. 

Definition 9.6.7. We call a Nash action of a Nash group G on X strictly simple if it is simple (i.e. all 
stabilizers are trivial) and there exists a geometric (separated) Nash quotient G\X (see [AGIO! Definition 
4.0.4];. 

Proposition 9.6.8 QAGlOj . Proposition 4.0.14). Let H < G < G n be Nash groups. Then the action of 
H on G is strictly simple. 

Corollary 9.6.9. Let H < G < G n be Nash groups. Let X be a transitive Nash G-manifold. Then there 
exists a geometric quotient H\X . 

We will use the following theorem that describes the basic properties of Schwartz functions on Nash 
manifolds. 

Theorem 9.6.10. 

(i) <S(R n ) = Classical Schwartz functions onl". 
(ii) The space S(X,£) is a nuclear Frechet space. 

(Hi) Let Z C X be a closed Nash submanifold. Then the restriction maps S(X,£) onto S(Z,£\z). 
(iv) Let X = {JUi be a finite open cover of X . Then a global section f of £ on X is a Schwartz section 
if and only if it can be written as f = J2i=i fi where fi <G S(Ui,£) (extended by zero to X). 

Moreover, there exists a tempered partition of unity 1 = X)"=i such that for any Schwartz 
section f € S(X,£) the section \f is a Schwartz section of £ on Ui (extended by zero to X). 
Note that this property implies that Schwartz sections form a cosheaf in the restricted topology, 
(v) Tempered sections of a Nash bundle £ over a Nash manifold X form a sheaf in the restricted topology. 
Namely, let Ui be a (finite) open Nash cover of X and let s € T(X,£). Then s is a tempered section 
if and only if s\u i is a tempered section for any i. 
(vi) For any Nash manifold Y , 

S{X x Y) =S{X)®S{Y). 

Part © is [A GOgJ T heorem 4.1.3], part © is [AG10I Corollary 2.6.2], for flm]) see |AG08l §§1.5], for 
© and (jvj see [AG081 §§5], for © see e.g. |AG10I Corollary 2.6.3]. 

Lemma 9.6.11 ( jAQSj . Appendix A). Suppose 

0^£ 1 ^£ 2 ^£ 3 ^0 
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is an exact sequence of Nash bundles on X. Then 

-> S(X, £ x ) -> <S(X, £ 2 ) -> £ 3 ) -> 0. 
is an exact sequence of Frechet spaces. 

For the proof we will need the following lemma. 
Lemma 9.6.12. Suppose 

is a finite exact sequence of Nash bundles on X. Then there exist an open Nash cover X = (J" Uj s.t. the 
sequence 

Q^£x\u j ^E 2 \ Uj ^£ 3 \ Uj ^Q 

is isomorphic to the sequence 

(19) -> Uj x Vx -> E7j- x (Vx © F 2 ) -4- ^ x V 2 -> 

Where Vi are finite dimensional vector spaces, Ui x 1/ denotes the constant bundle with fiber V and the 
maps in the sequence come from the the standard embedding and projection. 

This lemma is essential proven in |BCR98j , but for completeness let us prove it here. 

Proof. By the definition of a Nash bundle we can find a finite Nash open cover X = (J? Vj s.t. the 
bundles £i\vi are constant. Thus we may assume that are constant bundles with fibers W,. Choose 
a basis for W 2 and let / be the collection of coordinate subspaces. For any V € I denote Uv — {x G 
X\((d2)x)\v is an isomorphism}. Clearly Uv form a Nash cover of X. Thus we may assume that X = U\/ 
for some V. in this case d\ gives an isomorphism between the constant bundle X x (Wx © V) and the 
constant bundle X x W2 ■ Also d 2 gives an isomorphism between X xV and X x W3 . Those isomorphisms 
gives identification of the sequence 

0^XxWx^XxW 2 ^Xx W 3 ->0 

with 

0^XxW 1 ^Xx{W 1 ®V)^XxV ^0. 

□ 

Proof of Lemma \9.6.11i 

Step 1 The case when the sequence is as in ([19]) . 

It follows immediately from the definition of Schwartz section of a Nash bundle. 
Step 2 The general case 

Let X = [J Uj be a finite open Nash cover s.t. the sequence 

0^£x\u } %£ 2 \ Vj ^£ s \ Vj ->0 

is isomorphic to a sequence 

O^UjXVx^ U 3 x (Vx © V 2 ) ^ x V 2 ->• 

as in Lemma T9.6. 121 By Theorem 19.6. lOtlrvl) we can choose a partition of unity lx = £ e i where 
Gj G C°°(X) with Supp(ej) C Uj and such that for any i,j and any <p S S(X,£i) we have 
G S(Uj,Ei). Let G Ker(di) C S(X,£i) then we have 

□ 

The following Lemma follows immediately from Corollary 19.6.51 and Theorem 19.6. lOtjvj) . 

Lemma 9.6.13. Let p : Y — > X be a Nash surjective submersion of Nash manifolds. Let s G T(X,£) be 
a set-theoretical global section of £. Then s is tempered if and only if p*s is a tempered section of p*£. 
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Lemma 9.6.14 ( AG09] .Theorem B.2.4). Let <f> : Y — > X be a Nash submersion of Nash manifolds. 
Then 

(i) there exists a unique continuous linear map <f>* : S(Y,<p'(£)) — > S(X,£) such that for any f G 
S{X, £ * (g) D x ) and fieS(Y l( f> ? {£)) we have 

[ (f(x),Mx)) = [ (pf(y),riy))- 

Jxex JyeY 

In particular, we mean that both integrals converge. Here, cjy (£) = (/)*(£) <E) Dy , as in Notation 1 6. 0. 5i 

(ii) If <p is surjective then <fi* is surjective. 

Lemma 9.6.15. / AGJ .Lemma B.1.4] Let G be a connected Nash group and g be the Lie algebra of G. 
Let p : G x X — > X be the projection. Let G act on S(G x X,p {£)) by acting on the G coordinate. 
Consider the pushforward p* : S(G x X,p (£)) —t S(X,£). Then gS(G x X,p'(£)) = Kei^p*). 

Lemma 9.6.16. Let f : X — > R be a Nash function such that is a regular value of f . Then fS(X) = 
{4>ES(X) : 0(/- 1 (O))=O}. 

Proof. By Theorem 19.6.21 and partition of unity (Theorem 19.6.1 Otf rv f ) . we can assume that X = l n and 
/ _1 (0) = E™ -1 C K". Let x : W K be the last coordinate function. Since is a regular value of /, 
f)x is a smooth invertible function. Since / is a Nash function, f jx is also a Nash function. Thus, we 
can assume / = x. We have to show that the following sequence is exact. 

5(R n ) A S{R n ) S(W l ~ 1 ) -> 0, 

where Res : 6>(R") — > 5(R" _1 ) is the restriction map. 

By the Schwartz Kernel Theorem (Proposition [v]} this sequence is isomorphic to 

5(R"~ 1 )§5(R) Id 4 x M< ^' es SiW 1 ^ 1 ) 0, 

where Res : S(M.) — > C is evaluation at 0. 

By Proposition ^. 4. 4l it is enough to prove the exactness in the case n = 1, which is obvious. □ 

We will use the following version of Borel's lemma. 

Lemma 9.6.17. Let Z C X be Nash submanifold. 

Then Sx(Z) has a canonical countable decreasing filtration by closed subspaces (Sx(Z)Y satisfying 

(1) r\(Sx(z)y = o 

(2) gn(Sx(Z,£)) =S(Z,Sym\CNX)®£) 

(3) the natural map 

S X {Z,£) -> \im(S x (Z,£))/S x (Z,£)y) 

is an isomorpihsm. 
For proof see |AG1 Lemmas B.0.8 and B.0.9]. 

9.7. Good representations of geometric origin (Proof of Lemma I7.1.6p . For the proof we will 
fix T, R and R' . Wc will need the following statements. 

Lemma 9.7.1. Let X be an R-transitive Nash manifold. Let £ be an R-tempered bundle on X . Suppose 
that for each x € X, the V n -stabilizer of x acts trivially on the fiber £ x . Note that by Corollary \ 9.6.9\ 
there exists geometric quotient V n \X . Let p : X — > V n \X denote the projection. Then 

(1) there exists an R -tempered bundle £' on the geometric quotient V n \X and a (tempered) isomor- 
phism of R-tempered bundles £ p*{£'). 

(2) there exists an R -tempered bundle £" on the geometric quotient V n \X and a (tempered) isomor- 
phism of R-tempered bundles £ ^> p' (£")■ 
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Proof. (HJ) Let x £ X and let R x be the stabilizer of x. Identify V n \X with Y := R'x. Let £' := £\y. 

We will construct a (tempered) isomorphism of i?-tempered bundles <j> : £ —> p*(£'). In order 
to do that wc have to construct, for any x € X, an element <f> x G Kom(£ x ,p*(£') x ). Note that 
Hom(£ x ,p* (£') x ) = E.om(£ x ,£ p f x -j). We know that there exists g G V n such that = p(x). This g 
gives an element in <p x € Hom(£' a ;,p*(£'') x ). The element 5 is not unique, but the assumptions of the 
lemma imply that cf> x does not depend on the choice of g. Now we have to show that the constructed 
4> G T(X,Hom(£,p*(£'))) is a tempered section. Consider the action map a : V n x Y — s- X. Clearly, it 
is a surjective submersion. It is easy to see that a*(cj>) G T(V n x Y, Hom(a*£, a*p* (£'))) is a tempered 
section. Thus, Lemma [9.6.131 implies that <j> G r(X, Hom(£ ,p*(£' ))) is a tempered section. 

© By part Q there exists a bundle (.Dy)' on V n \X such that p* ((£)£)') ~ Dy. We define £" := 
£'<g> ((£>*)')*. □ 

Remark 9.7.2. j4n analog of this lemma holds for Nash equivariant bundles, and for multiplicative 
equivariant bundles, with an analogous proof. In particular, the isomorphism p*((Dy )') — Dy is an 
isomorphism of Nash bundles. 

Corollary 9.7.3. Let X be a transitive R-Nash manifold. Let £ be a R-multiplicative bundle on X (see 
Definition \ 6.1. 4]) . Then there exists a filtration F l of £ by R-multiplicative bundles such that for every i 
there exists an R 1 -multiplicative bundle £[ on the geometric quotient V n \X such that F l {£) / F % ~ 1 {£ ) = 

To deduce this corollary we will use the following obvious lemma. 

Lemma 9.7.4. Let n be a multiplicative (finite dimensional) representation of a subgroup L ofV n . Then 
the Lie algebra of L acts nilpotently on ix. 

Proof of Corollary \9~T^ Let F l {£) C £ be defined by F l (£) := {(x,e) G £\{{v n ) x )® l e = 0}. By the last 
lemma (Lemma 19. 7.4[) the filtration F % (£) is exhaustive. Since £ is a tempered bundle, the action of the 
Lie algebra r is Nash and hence F l (£) are Nash. Clearly the action (v n ) x on F I (£)/F' l ~ 1 (£) is trivial. 
Thus, by Lemma T9. 7. 11 we are done. □ 

Proof of Lemma \7.1.6\ The case Y = X and X is intransitive follows from Corollary 19.7.31 and Lemma 
19.6.111 By the Borel lemma (Lemma 19.6.171) , this implies the case when X is intransitive and Y is 
arbitrary. This in turn implies the general case by Corollarv l6.0.4l □ 

9.8. Induced representations as sections of multiplicative bundles (Proof of Lemma 17.1.7]) . 

Identify the variety X := G/H with KJ{K n H). Note that under this identification £ = K Xj(nH X- 
This is a Nash bundle. 

Let us show that the action of G on £ is multiplicative. The only non-trivial part is that any a G Q n 
preserve the space of Nash sections of £ on any open (Nash) set. For this we note that 

Nash(C/,£) = {/ G C°°{p-\U))\f\ K is Nash and f(gh) = X (h)f(g) for any h G H}, 

where p : G — >• X is the quotient map. Under this identification, an element a G acts on Nash(J7, £) 
via a Nash vector field /3 on p -1 (Z7). This field can be interpreted as a Nash map (3 : p _1 (C/) — » g. Here 
we identify the Lie algebra g with the tangent space at a point g G G using the differential of the left 
translation by g. Restrict (3 to K np~ 1 (C/) and decompose it to a sum of fi\ . K np _1 (C/) — > t and 
■ A'np _1 ([/) — > fl, where f) and t denote the Lie algebras of H and K respectively. Let / G C cc (p^ 1 (U)) 
such that f\x is Nash and f(gh) = x(h)f{g) for any h G H. Then (/3/)|k = f3if\x + d\ ffa ■ f which is 
clearly a Nash function. □ 

9.9. Derivatives of quasi-regular representations on P„-orbits on flag varieties (Proofs of 
Lemmas 18.4.11 and 18.4.30 . 

Proof of Lemma \8.4-1\ The proof is by induction on n. In step 1 we reduce to the case when Y — X = 
P n /Q\. Let Z and Zq to be as in Lemma T8.3.6I and p : X — s- Z denote the natural projection. In step 2 
we reduce to the case £ = p ? (£'), where £' is a G„_i-multiplicative bundle on Z. In step 3 we prove the 
lemma for this case. 
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Step 1 Reduction to the case Y = X = P n /Q\ 

By Lemma [9.6.171 Sy(X, £) is a good extension of TTi := S(X,£\x <£> Syrri 1 (C 'N^) . By Lemma 
17.1.61 TTi are good. Thus, by Corollarv l7.1.10l P' i+1 (7r) is a good extension oi E l+1 (iTi). Thus it is 
enough to show that E l+1 (-Ki) = 0. 

Step 2 Reduction to the case £ = p ? (£'), where £' is a G n -i -multiplicative bundle on Z. 

By Corollary 19.7.31 we have a finite filtration on £ and G„_i-multiplicative bundles £[ on 
Z such that p {£%) — Gr l (£). By Lemma 19.6.111 this gives a filtration on S(X,£) such 
that Gr l (S(X, £)) = S(X,p(£i)). As before, this means that it is enough to show that 
E i + 1 (S(X,p l {£ i ))) = 0. 

Step 3 Proof for the case £ = p 7 (£' ). 

By the analytic key lemma (Xemma I7.1.1[) . $(tt) = S(Zq,£'). Denote Oj := Pn-ixV for 1 < 
j < i. By Corollary I8A41 and Lemma 18X61 Z = Ui=i^A- B ^ Corollary [6T0~4l there is a 
filtration F j on S(Z ,£') such that G? J '{S{Z Q , £')) = S Zo (O x 3 ,£'). Thus it is enough to show 
that E^SzoiO^ ,£')) = for any j. By Corollary 153^1 Of = P n -i/Q{,- Thus, by the induction 
hypothesis, E l (S Zo (O x 3 ,£')) = 0. 

□ 

For the proof of Lemma r8.4.3l consider the embedding of G n -i to G n obtained by conjugating the stan- 
dard embedding by the permutation matrix corresponding to the permutation (m x , m^ + 1, . . . , n). Under 
this embedding, P X7 embeds into P A . Denote f3 l k := (| det I" 1 / 2 , . . . , | det I" 1 / 2 , 1, | det I 1 / 2 , . . . , | det I 1 / 2 ) € 
X k , where 1 stands on place number i. We will need the following straightforward computation. 

Lemma 9.9.1. Let a <E X k . Then 

where a ■ (3 l k £ X k denotes the coordinate-wise product. 

Proof of Lemma \8.4-3\ The proof is by induction. Let us first prove the base i = 1. Note that X = 
Pn/Q\ — G n -\j P\- ■ Thus 7t|g„_ 1 = S(G n -i/ P x - , £). Consider the fiber of £ at the class of 1 as a 

k k 

character of P x - . We get £ Xo = xa,«|p _ = X\- a -B k - Tmis 

k k ' >~^k 

7r|G n _i = X(m),(ai| dot |-i/2) X • • • X X(„ fc _ 1 ),( Qfc _ 1 | dct |-i/2) X X{n k -i),{ot k )- 

For the induction step, we assume i > and let Z, Zq and A' be as in Lemma 18.3.61 and p : X — > Z 
denote the natural projection. By Lemma [9.7.11 (and Remark |9.7.2[) there exists a G„_i-multiplicative 
equivariant bundle £' on Z such that £ = p'(£'). By the analytic key lemma (Lemma I7.1.ip . $(7r) = 
S(Z ,£')®\ det I" 1 / 2 . By Corollary \8J1\ and Lemma [53^1 Z = \Jr\ 0%. By Corollary [6^41 there is a 
filtration F j on S{Z ,£') such that Gr j (S(Z ,£')) = S Zo {Of,,£'). By Corollary [Oil 0% = P n -i/Q{,- 
Thus, by Lemma I5XT1 $*'" 2 (<S Zo (0^ , £ ')) = for j < i- 1. Thus 

B*(7r) = ^(tt) = $ 1 - 2 ($(tt)) = $ J - 2 (5 Z0 (O\r 1 ,£') ® | det p 1/2 ) = 

$'- 2 (5(0^r 1 ,f ' ® | det T 1/2 )) = B*- 1 ^^ -1 ,^ ' <g> I det I" 1 / 2 )). 

In the last expression we consider the character | det | -1 / 2 of P„_i as a constant P„_i-equivariant bundle 
on Zo- 

Consider u\ := £'\ and v-i := £1 »,<-i as characters of (P n _i) = Q\7 . Note that 

A A X' 
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and thus V\ = v-z ® \\> /sIq^ 1 > where P = (I det |, ■ ■ ■ , | det |, 1, . . . , 1), where the last appearance of | det | 
is in the place k — i + 1. Thus 

{£' ® | det |- 1/2 )Lm-i = ® I det r 1/2 = ^ 2 • xl^- ■ I det^ 1 / 2 = 

(x1,Jq« 71 -5tl~ilg^ ■Idet|-V2 ) | = -X^ • |det|-V2)| Ql7l = 

where a' = (ai, . . . , a k _ u a k - l+ i\ det | 1/2 , a fc _ l+2 , . . . , a k ). 
Thus, by the induction hypothesis, 

^(7r)|o„_ 4 = E i ~ 1 {S{0^ x '\£' ® | det I' 1 / 2 )) = 

X(m),(oi|det|-V2) X • • • X X(n fc _i),(afe-i|det|-V2) x X(n fe _ <+ i-l),(a fc _ j+1 ) X • • • X X(n h -l),(a h ) 

□ 

10. Homology of geometric representations and the proof of the analytic key lemma 

(Lemma I7.1.1|) 

10.1. Sketch of the proof. We have to compute t>„-homology of the representation S(X,£) ® (—ip). 
We first note that this task is local on X 1 = V n \X, i.e. if we cover X' by subsets Ui it is enough to 
compute the homology of S (p _1 (Ui) , £) ® (—ip)- Now we can cover X' by refined enough cover s.t. for 
each Ui , the space p~ x (Ui) will look like a product Ui X W where IF is a 14,-orbit and the bundle £\u i 
is trivial. Thus we reduced to computation of homology of S(Ui x W) ® (— ip). 

Note that the action of V n on Ui X W is not the usual product action but rather a twisted product, 
i.e. the action V n on its orbit {x} x W depends on the point x <E Ui. We can untwist this product (see 
Proposition 110. 2. 5[) but this will cause a twist in the character ip. Namely, it will replace it by a line 
bundle £ where the action of V n on £{ x y x w depends on the point x £ Ui. Thus we reduce to computation 
of homology of S(Ui x W, £)■ 

Now we use a relative version of the Shapiro Lemma (see Theorem 110.2. 1[) in order to reduce to the 
computation of the homology of <S(L7j, £) as a representation of the stabilizer (V n )o in V n of a point G W. 
Note that the action of (V n )o on Ui is trivial and thus we can view S(Ui,£) as a family of characters, 
i.e. it is defined by a map <fi from Ui to the space (V u )q of characters of (V n )o. In Lemma [10.2.21 we 
compute homology of such families under the assumption that <f> is submersive at the trivial character. 
This assumption is satisfied in our case due to the action of P n . 

Remark 10.1.1. The proof is based on series of reductions. If we were interested only in acyclicity then 
one could give a relatively simple proof in which each of those reductions is given by general statements. 
However we are also interested in computation of Ho and this makes those reductions more complicated. 
For example in the first step when we say that the computation is local one should explain what does this 
mean. We do it by constructing an explicit morphism I : Ho(t>„, S(X, £ ) <g> {—ip)) — > S{Xq,£\x>) and 
proving that this morphism is an isomorphism rather than proving that there exists some isomorphism. 
This forces us to make each reduction more explicit. This is sometimes unpleasant since some of the 
reductions e.g. the Shapiro lemma are using the general machinery of homological algebra which usually 
is not so explicit. 

Therefore if the reader is not interested in all the details we recommend him to skip all the parts that 
regard Ho and concentrate only on the acyclicity. The computation of Ho is essentially the same but its 
exposition is much longer. 

10.2. Ingredients of the proof. We will need the following version of Shapiro lemma. 

Theorem 10.2.1 (Relative Shapiro lemma). Let G be an affine Nash group and X be a transitive Nash 
G-manifold. Let Y be a Nash manifold. Let x € X and denote H := G x . Let £^XxYbeaG 
equivariant Nash bundle. Suppose that G and H are homologically trivial (i.e. all their homology except 
Ho vanish and Ho = RJ. Let X : G xY — >R6ea Nash map such that for any y € Y , the map X\gx{ij} is 
a group homomorphism. Let X' be 1-dimensional G-equivariant bundle on Y, with action of G given by 
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g(y,v) = (y,9(X(g,y))v). Let £' := £ <£> (C M X'), where C denotes the trivial bundle on X andM denotes 
exterior tensor product. Then 

Ki(q,S(X x Y,S')) £* Ri(t),S({x} x Y,S[ X}XY ® A ff ■ (Ag 1 )^)), 

where Ah and Aq denote the modular characters of the groups H and G. 

The proof of this theorem is along the lines of the proof of [AGIO! Theorem 4.0.9]. We give it in 
Appendix [X] 

Lemma 10.2.2. Let X be a Nash manifold and V be a real vector space. Let <j) : X — > V* be a Nash map. 
Suppose that G V* is a regular value of <f>- It gives a map x '■ V T{X) given by x{ v )( x ) = 0{4>( x )( v )) 
(recall that T{X) denotes the space of tempered functions). This gives an action of V on S{X) by 
n(v)(f) : = X(v) ■ f ■ Then 
(i) Hi(0,<S(X)) = for i > 0. 

(ii) Let Xq := (/> _1 (0). Note that it is smooth. Let r denote the restriction map r : S(X) — > S(Xq). 
Then r gives an isomorphism Hq(v,S(X)) —> S(Xo). 

We will prove this lemma in § £110.51 

Notation 10.2.3. In the situation of the Lemma we will denote the action of on S(X) by tx^- 

In order to check the conditions of Lemma 110.2.21 we will need the following lemma that we will prove 

in §nnn 

Lemma 10.2.4. Let a Nash group G act linearly on a finite- dimensional vector space V over F , such 
that the action on V* \ is transitive. Let Q be a closed Nash subgroup of G and L be a vector subspace 
of V stabilized by Q. Let ip € V* be a functional. Consider the map a : G — > L* defined by a(g) := gf\h- 
Let U C G/Q be an open (Nash) subset and s : U — ?> G be a local Nash section of the canonical projection 
p : G — > G/Q. Then is a regular value of fj, := a o s. 

Proposition 10.2.5. Let a Nash group G act transitively on a Nash manifold Y and let X be a Nash 
manifold. 

Let X "act" on G i.e. let G' be a Nash group acting on G by automorphisms and a : X — > G' be a 
Nash map. This defines a twisted action of G on X x Y . More precisely p\(g){x,y) = (x,a(x)(g)(y)). 
Let x be a fixed tempered character of G. Let pi denote the non-twisted action of G on X x Y , i.e. 
P2{g)(x,y) = (gx,y). 

Define function X(g,x,y) = x((a(^)) -1 (<7))- Note that it does not depend on y. It defines a tempered 
(G, p2) — equvariant structure on the trivial line bundle on X x Y. We denote the resulting bundle by 
£ . Let 7Ti denote the representation of q on S{X x Y) <S> x given by the action p\ and 7T2 denote the 
representation of q on S(X x Y,£) given by the action p^. 

Then H»(g, 7Ti) = H*(fl,7r 2 ). 

We will prove this proposition in ^10.41 

Notation 10.2.6. In the situation of the proposition we will denote p\ by p a .x,Y and ni by n a _x,Y- 

10.3. Proof of the analytic key lemma. First, let us prove the following version of the lemma. 

Lemma 10.3.1. Let X' be a Nash manifold. Let 0->L->y4lV->0 be an exact sequence of finite 
dimensional vector spaces over F. Let v : X' — »■ V* be a Nash map, such that is a regular value of the 
composition X' — > V* — > L* . Let Xq be the preimage ofO under this composition. Note that it is smooth. 
Fix a Haar measure on W . Let ix v be the representation of V on S(W x X') given by 

7r v (v)(f)(z,w) := e((u(z),v))f(z,w+p(v)). 

Then 
(i) 7r„ is acyclic 



DERIVATIVES FOR REPRESENTATIONS OF GL(n, ffi) AND GL(n,C) 



(ii) Note that v(X'q) C PF* C V*. Let Vq : Xq — > W* be the map given by restriction of v. Let 
F e T(X Q x W) be given by F(z,w) := {vq{z),w). Consider the map I u : S(W x X') — > S(X'q) 
given by I u (f) '■= (prx')*(f\x' xw ' F)i where prx 1 '■ W x X' — > W denotes the projection. Then I v 
defines an isomorphism Ho(t>,7r„) S(Xq). 

Proof. Q By the relative Shapiro Lemma (Lemma 110.2. 1[) it is enough to show that Tx', v (see Notation 
110.2.3)) is acyclic. This follows from Lemma 110.2.21 

(JTTJ) Fix a Haar measure on L. Since we fixed a Haar measure on W, this defines a Haar measure 
on V as well. Define F £ T(X' x V) by F(z,v) := (v(z),v). Define / : S(X' x V) -> Spf') by 
^(/) = {P r x')*{f) -F. Let r : S(X') — ► S(X ) denote the restriction. Let /i : X' — > i* be the composition 
of with V r *^»i*. Define an action 7r^ of V on 6>(X' x V) given by 

7r v (v)(f)(z,v') :=6((v(z),v))f(z,v'+v). 

Define an action a of L on S(X' x F) by a(l)(f)(z, v') := f(z, v' + I). 
Note that the following diagram is commutative 

(1) (2) (3) 



(1) 

(2) 1®S(X'xV) 

(3) [®S(X') — 



0®S(X' x V) > D®5(WxI') 



da 



drr u 



S (X' x V) (J " A " XP) * a S(W x X') 







I 

■S(X')- 







■s(x^) 







Recall that , used in the diagram, is defined in Notation 110.2.31 It is enough to show that column 
(3) is exact. First, let us show that column (2) is exact. The map / is onto by Lemma [9.6.141 and the 
exactness in the place of S(X' x V) follows from l9. 6.151 The exactness of row (2) is proven in the same 
way. The exactness of row (3) follows from Lemma 110.2.21 The exactness of column (2) implies the 
exactness or column (1). Let us prove that column (3) is exact. First, note that / is onto by Lemma 
19.6.141 and Theorem l9XlQt| nT|) . 

Now, let / £ Kcr(7) C S(W x X'). Let / £ S(X' x V) be its prcimage under (Id x Then 
/(/) <S Ker(r) = Iitl(t a1 ). Let h <S [ <£> S(X') be a preimage of /(/) and let He a preimage of h in 
1®S(X' x V). Then da(h) - f £ Ker(J) = Imd^. Now, 

f = (Idx p)*(f) = (Id x p)*(f - da(h) + da(h)) = (Id x - da(h)) £ (Id x p)*(ImdTT u ) C Im(d7r v ) 

□ 

We will prove the following Lemma which clearly implies the analytic key lemma. 

Lemma 10.3.2. Let T be a Nash linear group and let R := P n x T and R' := G„_i x T . Let Q < R be 
a Nash subgroup and let X C R/Q be a V n -invariant open Nash subset and X' := V n \X. Note that X' 
is an open Nash subset of R'/Q', where Q' = Q/(QC\ V n ). Let Xq = {x £ X : i>\(y n ) x = !•} Let Xq be 
the image of Xq in X' . Let 8' be a R 1 -equivariant tempered bundle on R'/Q' and £ := p x ,(£'\x>). Then 

(i) Ri(0 n ,S(X,S) ® (-?/>)) = for any i > 0. 

(ii) Xq is smooth 

(Hi) Since X' C R'/Q' and X C R/Q we have a canonical section to pz and will consider X' as a closed 
submanifold of X . Consider the action map a : X' X V n — > Xq. Let S = 1 Mip £ T(X'q x V n ). Note 
that So is constant along the fibers of a. Define S £ T(Xq) such that a*(S) = Sg. Consider the map 
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I : S(X,p'£) S(X^£\ X ' ) given by 1(f) := (px>\x )*(f\xi > ■ =-)■ Then I gives an isomorphism 
Ho(o„, S(X, p ? £ )) ^> S(Xq, £\x' ), as representations ofp n -\. 

Remark 10.3.3. The open subset X C R/Q is not necessary P n -\-invariant, but p„_i will still act on 
the homology. 

First let us prove the following special case. 

Lemma 10.3.4. Lemma \l0.3.2\ holds under the assumption that there exists a Nash section a : X' — > R' 
of the quotient map R' — > R' /Q' . 

Proof. Consider R'/Q' as a subset of R/Q. Without loss of generality we assume that the class of the 
unity element lies in X' . We will denote it by zq. Without loss of generality we assume a(zo) = 1. Let 
W := p x )(zo). Let L := (V n )i( Zo ) = Q H V n . It is a Nash subgroup of V n and hence is a real vector space. 
Note that W = V n /L. Define <fi : X 1 x V n — > X by <j)(z,v) :— (a(z)v)z, where a(z)v denotes the action 
of a(z) G G n -i on v € V n . Note that <j> factors through X' X W and let cj> be the corresponding map 
X' x W — > X. It is easy to see that cf> is a Nash diffcomorphism and intertwines Pa,X',W with the action 
of V n on X (see Notation fTUXB| . 

Note that the section a gives a tempered isomorphism between £'|x' an d the trivial bundle with fiber 
£' ZQ . Thus 4> gives an V n -isomorphism <f> : S(X,£) ® (—"0) ~> la.Jf'.w ® £z - Define ^ : X' — s- by 
:= ip(a(z)v). Note that coincides with X' from Lemma [10.3.11 Note that the underlying 
vector space of i^ a ,x',w coincides with the underlying vector space of 7r„ from Lemma (10.3.11 Thus we 
can consider I v <E> Id as a map Tt a ,X',w ® £' Zo — > S(Xq) <g> £' Za = S(X' Q ,£' \x')- Note that (j>* intertwines 
the map / to l v <£> Id. 

By Proposition 110.231 H*(d„, n a ,X',w) — H*(t) n , 7iv) and on Ho the isomorphism is just equality of 
quotient spaces. Thus it is enough to show that it u is acyclic and 1^ defines an isomorphism Ho(ti n , ttv) — ^ 
S(Xq). To show this, by Lemma ri0.3.1l it is enough to show that is a regular value of the composition 
v L :X'^f V* -> L*. This follows from Lemma M^M 

□ 

Proof of Lemma [1 0. 3. 2\ Let q : R' —> R'/Q' be the quotient map. By Theorem l9.6.3[ there exists a finite 
Nash cover {t/J of X' C i?'/Q' and sections s 4 : U { -> i?' of g. By LemmaEEOfl 5(p^(Z7i), £ | p -i (c/i) ) 

is acyclic and Is^-^jy.) g| _j ) gives an isomorphism 

H (t>„,5(piUcr i ),f| p -i ( ^p)^5(tr 4 n^,fV*nx5). 
Consider the extended Kozsul complex of S(X,£) <E> (— V0 : 

(20) -> A"(e„) g> 5(X) ® (-V) ^ • • • ^ t>„ (8 S(X) ® (-0) 4 ® (-0) ^ 5(X , £' | x ,) -> 

We have to show that it is exact. The fact that / is onto follows from Theorem 19 . 6 . 1 OtpSj) and Lemma 
19.6.141 Let us show that it is exact in place I > 0, i.e. at the object A'(t> n ) <S> S(X). Choose a partition 
of unity Ci corresponding to the cover X' = (J U\ . 

Let a € Kerd; C A ; (D n ) <g> S[X) ® (-ip). Consider 

p*(ei)a G Kerdj| A j( Sn ) 8 5( p -i( t / j ) (8 (_^)). 

By Lcmma ri0.3.4[ we have 

p*(e 8 )a € Im(di+iU'(ti n )(8S(p- I (c*)<8(-V'))) and thus a = X] p *( e *) a e Im ( d i+i)- 



□ 
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10.4. Untwisting a product (Proof of Proposition 110. 2.5p . 

Lemma 10.4.1. Let g be a Lie algebra and A be a commutative algebra with 1. Let M be a (U(g) <g> A)- 
module. ThenK*(g,M) = H*(g<g) A,M). 

Proof. Let A be the category of (U (g) ® A)-modules and B be the category of 0-modules. Let T : A — >• B 
be the forgetful functor and Q : B — > Vect be the functor of g co-invariants. Note that Qo T is the functor 
of coinvariants with respect to the Lie algebra g<8> A. By Lemma 19.2.51 we have 

L l (goF) = L l (g)oF. 

This proves the assertion. □ 

Proof of Proposition \10.2.5\ Extend the representations 7Tj to representations IL of T(X) (g> g = T(X, g). 

Let b : T{X,g) — > T(X,g) be given by b(f)(x) = a(x)(f(x)). Note that b is invertible. Let us show 
that 111 = n 2 o b. 

First, note that as linear spaces both can be identified with S(X x Y). Now, denote by dpi the 
corresponding maps from g to the space of vector fields onlxy and by dX : gx X xY the differential 
of X in the first variable. Let / G T(X,g), h G S(X x Y), and (x,y) e X x Y. Then 

(n x (/)&)(*, tf) - (d Pl (f(x))h)(x,y)+ X (f(x))h(x,y) = (dp 2 (a(x)(f(x)))h)(x,y)+ X (f(x))h(x : y) = 
(dp 2 (a(x)(f(x)))h)(x,y)+ X (a(xy 1 (a(x)(f(x))j)-h(x,y) = 
(dp 2 (a(x)(f(x)))h)(x,y) + dX(a(x)(f(x)),x,y) ■ h(x,y) = 

(dp 2 ((b(f)(x))h)(x, y) + dX(b(f)(x), x, y) ■ h(x, y) = (U 2 (b(f))(h))(x, y) 

Now 

H,(s, tt 2 ) = H*(T(X) ® , n 2 ) = H.(T(X) ® fl, III) = H„(0, tti). 

□ 

10.5. Homology of families of characters (Proof of Lemma 110. 2.2|) . We prove the lemma by 
induction on dim V. 

Base: dimF = 1. In this case we have to show that the following extended Koszul complex is exact: 

<- S(X Q ) I- S(X) ^V<E> S(X) 4- 0. 
Let v e V be a generator. Then the complex is isomorphic to 

<- 5(X ) ^ 5(X) 5(X) <- 0, 

where m/ l (/) = /i/, and h{x) = dO((v, (f>(x))). Clearly, rrih is injective. The map r is onto by Theorem 
I9.6.10tp4i|) Note that ih is a real- valued Nash function and is its regular value. The exactness in the 
middle follows now from Lemma 19.6.161 

Induction step. Let us first prove (P. Let L < V be a one-dimensional subspace. Let (j>L denote 
the composition X — > V* — > L*. Note that is a regular value of 4>l and let Xl^ := Z ^ 1 (O). By the 
induction base, S(X) is [-acyclic and tl '■ Ho(I,5(X)) ^> S(XL t o). Note that this is an isomorphism of 
representations of V/L. Note also that (j>(X Lt0 ) C (V/L)* = L i cV" and let 0' denote ^|xx, : X L , 
(V/L)*. Note that is a regular value of 0'. Finally, note that the action of V/L on ^(X^o) is Tx L ,<j>'- 
Thus, by the induction hypothesis, Hq(1,S(X)) is V/L-acyclic and Lemma [9.2.71 implies that S(X) is 
V-acyclic. 

To prove (JTTJ) note first that r is onto by Theorem l9.6.10t|m)) . Now we have to show that vS(X) = Ker r. 
The inclusion C is obvious. Let / £ Kerr. Consider f\x L a - As before, the induction hypothesis implies 
f\x L , a G (0/I)5(Xi, ). Let h G (t>/0®«S(X £ ,o) = r Xt , 0> ^ ((t>/Q®Spr Ll o)) such that /| Xl _ = r Xl , ,^(^)- 
By Theorem 19.6.1 OtfTTT]) .we may extend h to /i G ® S(X). Now, {Tx,<j>{h) — f)x L = and hence by the 
induction base Tx,<p(h) — f G [<S(X). This implies that / G 0<S(X). □ 
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10.6. Proof of Lemma 110.2.41 For the proof we will need the following straightforward lemma from 
linear algebra. 

Lemma 10.6.1. Let W%, W2 and W be linear spaces. Let T : W\-^*W% and A : W\^*W be epimorphisms. 
Suppose that KerT D Ker A. Then Ao S is onto, for any section S ofT. 

Proof of Lemma \10.2.4\ Let x £ U such that fi(x) = 0. Without loss of generality, using the left action 
of G we can suppose s{x) = 1. Then <f>\p = and we have to show d\a o d x s is onto L* . The map d\a is 
onto by transitivity of the action of G on V* \ 0, and Kerdip C Keidia since Q stabilizes L. Thus, by 
the previous lemma, d\a o d x s is onto. □ 

Appendix A. Proof of the relative Shapiro lemma 

We prove here Theorem 110.2.11 which is a version of the Shapiro lemma. A similar version was proven 
in |AG10j and our proof follows the lines of the proof there. 

Proposition A. 0.1 ( |AG10| . Proposition 4.0.6). Let G be a Nash group and X be a Nash G-manifold. 
Suppose that the action is strictly simple (see Definition \9.6. 7j ). Then the projection ir : X — > G\ X is a 
Nash locally trivial fibration. 

Corollary A. 0.2. Let G be a Nash group and X be a Nash G-manifold with strictly simple action. Let 
F — > X be a Nash G-equivariant locally-trivial fibration. Then the action of G on the total space F is 
strictly simple. 

Proof. By the previous proposition we may assume without loss of generality that the map X — > G \ X 
is a trivial fibration. Hence we can identify X = (G \ X) x G. Now it is easy to see that G \ F = 

F \(G\X)x{l}- □ 

Corollary A. 0.3. Let G be a Nash group and X be a Nash G-manifold. Suppose that the action is 
strictly simple. Let £ be a Nash G-equivariant bundle on X. Then there exists a Nash bundle £' on G\X 
such that £ = tt*£' , where ir : X — > G \ X is the standard projection. 

Proof. Consider the action of G on the total space of £. Denote £' := G\£ and consider it as a Nash 
bundle over G \ X. It is easy to see that £ = ir*£'. □ 

Definition A. 0.4. Let X be a Nash manifold and F be a Nash locally trivial fibration over X. Denote by 
H l c (F — > X) the natural Nash bundle on X such that for any x £ X we have H l c {F — > X) x = H l c {F x ). For 
its precise definition see [AGIO! Notation 2.4.11]. Note that if F is a trivial fibration then H l c (F — > X) 
are trivial bundles. 

Definition A. 0.5. Let F ^> X be a locally trivial fibration. Let £ — » X be a Nash bundle. We define 
Tp^x C Tp by Tp^x = Kcr(d7r). We denote 

nf_ x := ((T M )*) Ai ®7r*£ 

Now we define the relative de-Rham complexes DR^(F — > X) and DR^ aa (F — > X) by 

DR £ S (F ->■ Xf := S(F, Qfe e _> x ) and DR c~ ( F -> X Y ■= C°°(F, fi^ x ). 

The differentials in those complexes are defined as the differential in the classical de-Rham complex. If £ 
is trivial we will omit it. 

Theorem A. 0.6 (see jAGlOj . Theorem 3.2.3). Let ir : F —> X be an affine Nash locally trivial fibration. 
Then 

H k (DR £ s (F -> X)) S S(X, H*{F -> X) <g> £). 

This theorem gives us the following recipe for computing Lie algebra homology. 

Theorem A. 0.7. Let G be an affine Nash group. Let K be a Nash G-manifold and L be a Nash manifold. 
Let X := K x L. Let £ — > X be a Nash G-equivariant bundle. Let X : Gx L — > IR be a Nash map such that 
for any I £ L, the map %\gx{i} * s a group homomorphism. Let X' be the 1-dimensional G-equivariant 
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bundle on L, with action of G given by g(l,v) = (l,tp(X(g))v). Let £' := £ ® (C M X'). Note that £' is 
isomorphic to £ as a Nash bundle, though the G-equivariant structure on £' is not necessarily Nash. 

Let N be a strictly simple Nash G-manifold. Suppose that N and G are homologically trivial and affine. 
Denote F = X x TV . Note that the bundle £' tt l N has G-equivariant structure given by diagonal action. 
Hence the relative de-Rham complex DR^^, (F — > X) is a complex of representations of G. Consider the 
relative de-Rham complex DR^(F — > X) without the action of G as a subcomplex of DRq x (F — > X). 
Note that it is G -invariant. We denote by DR$ (F — > X) the complex DRg(F — > X) with the action of 
G induced from DR^, ao {F — > X). 

Then 

HifoS^O) = H n -\{DR £ s{F -> X)) B ), 
where n is the dimension of X. 

To prove this theorem we will need the following statements. 

Lemma A. 0.8. Let G. L, TV, X, X' be as in Theorem \ A. 0.7\ Let X be a Nash manifold. Let £ be a 
Nash bundle over X x L x TV. Let £' = £ ® (CMX' MC). Then S(X x L x N,£) ~ S(X xLx N,£') as 
representations of G. 

Proof. By Theorem l9.6.10t| Tv |) and Proposition IA.0.I1 we can assume that TV = G x TV', for some Nash 
manifold TV'. Hence we can assume TV = G. Note that S(X x LxG,£) and S(X x LxG, £') are identical 
as linear spaces. Now, the required isomorphism between them is given by a i— > (1 M (ip o X))a. □ 

Lemma A. 0.9. Let G be an affine Nash group. Let F be a strictly simple Nash G-manifold. Denote 
X := G \ F . Let £ — > X be a Nash bundle. Then the relative de-Rham complex DR^(F — > X) 1 is 
isomorphic to the complex C(g,S(F,ir*£)) dlm3 ~' 1 , where it : F — > X is the standard projection, and 
C{q,W) denotes the Koszul complex of a representation W . 

The proof of this lemma is the same as the proof of jAGlOl Lemma 4.0.10]. 

Corollary A. 0.10. Let an affine Nash group G act strictly simply on a Nash manifold X . Let £ be a 
Nash G-equivariant bundle on X. Suppose that G is homologically trivial. Then S(X,£) is an acyclic 
representation of q. 

Proof. Follows from Lemma [A~0T9l Theorem |A.0. 61 and Corollary [A.0. 31 □ 

Proof of Theorem \A.O.T\ From Theorem IA.0.61 we know that the complex DRg(F — s- X), as a complex 
of vector spaces, is a resolution of the vector space S(X,£). Hence the complex DR$ (F — > X) is a 
resolution of S(X,£') as a representation of g. 

So it is enough to prove that the representations S(F,£' M tt l N ) are g- acyclic. By Lemma [A. 0.8 1 

S(F, £ E tf N ) S S(F, £' m n^) 

as g-representations (though those isomorphisms do not commute with differentials). Hence it is enough 
to show that S(F,£ Kl D, Z N ) is acyclic. This follows from Corollary I A. 0.101 □ 

Lemma A. 0.11 ( | AG] . Corollary B.1.8). Let G be a connected affine Nash group, X be a Nash manifold 
and £ be a Nash bundle over X. Let q be the Lie algebra of G. Let p : G x X — > X be the projection. Let 
G act on S(G x X,p' (£)) by acting on the G coordinate. Then the map p„ : S(G x X,p'(£)) — > S(X,£) 
induces an isomorphism S(G x X,p~ (£)) g = S{X,£). 

Corollary A. 0.12. Let G be a connected affine Nash group. Let F be a strictly simple Nash G-manifold. 
Denote X := G \ F. Let £ — > X be a Nash bundle. Fix a Haar measure on G and a Nash measure on 
X. These give rise to a Nash measure on F. Let ir denote the projection map tt : F — > X. Let B be a 
bundle on X such that £ = ir* B (B exists by Lemma \A.0.3\) . 

Then the map ir* : S(F, £ <E> D^) — > S(X, B) induces an isomorphism S(F, £) g = S(X, B). 
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Corollary A. 0.13. Let X be a Nash manifold and Y be a closed Nash submanifold. Let an affine Nash 
group G act on X strictly simply and H be a subgroup of G that acts on Y strictly simply. Suppose that 
the natural map H \Y — > G \ X is a Nash diffeomorphism. Suppose that G and H are homologically 
trivial. Let £ be a Nash G-equivariant bundle on X . Then 

S(X,£ ® Dx) B = S{Y,£\ Y ® D Y \. 

Moreover, let a : G x Y — > X denote the action map and pi : G x Y — > Y denote the projection on the 
second coordinate. Then 

(i) The map a* gives an isomorphism 

a, : S(G x Y,(CM £\ Y ) <g> D GxY <g> a*{D^-)) axtl ^ S(X,£) S 

(ii) The map (p?)* gives an isomorphism 

(p 2 )* : S(G xY,{CM £\ Y ) <g> D GxY <g> a^D^ 1 ))^ ^ S(Y, £\ Y <g> D Y <g> ((flx)ly)" 1 )!, 

Corollary A. 0.14. Let G be an affine Nash group and X be a transitive Nash G-manifold. Let N be a 
Nash manifold. Let x G X and denote H := G x . Suppose that G and H are homologically trivial. Let 
X = X x N x G and Y — {x} x N x G. Let £ be a bundle over X. Let X : G x N — >• K be a Nash map 
such that for any n G N, the map X\ Gx {7i} * s a group homomorphism. Let X' be the 1-dimensional G- 
equivariant bundle on N , with the action of G given by g(n,v) = (n 1 ip(X(g))v). Let£' :— £<& (CMX'MC). 
Then 

(i) The map a* gives an isomorphism 

o» : S(G x Y, (C El £'\ Y ) ® D GxY <g> a* (D^ 1 )) gX f, = S(X,£') a 

(ii) The map (j>2)* gives an isomorphism 

(pa). : S(G xY,(C® £'\ Y ) <g> I? Gx y ® a* {D" 1 ))^ = S{Y,£'\ Y ® D Y ® ((Dx)^)- 1 ^ 
Now we are ready to prove the relative Shapiro Lemma. 

Proof of Theorem \10.2.1\ From Theorem IA.0.71 we see that 

Ri(g,S(X x N,£')) S H dimB - l ((DR £ s (X xNxG^Xx N)) B ). 
Now, by Corollary lA.0. 141 

wy y /\r v r< o^ £ ' x ~ <?nvi v w v r* i ' £ ' l{x}xN ® I){x}xN ®' D ^ 1 x Jvl{x}xNN i 

D|A X iV X <J, "xxjVxG-^-XxivJfl - O^Xj- XiV X 1 {x} x N x G ^ {x} x N / h * 

and this isomorphism commutes with de-Rham differential. Therefore 

(DR £ S (X xNxG^Xx N)) g = ( DR *h.y*»»Bwx»»DxxH\w*H ^ x N x G ^ {x} x N)) h 
and hence 

H di ™B-*((DR £ s (XxNxG ^ XxN)) 3 ) £ iJ dim£ '- l (( J Di?J l ^ }xN ® ( ^ 1|{x}KC) ({.T}xiVxG -> {a;}xJV)) h ) 
and again by Theorem IA.0.71 

H dim 3 -irr DR p{*}xN®(,Dx 1 k*}®C)^ x y x NxG^{x}x N)) h ) = 

£* Ri(t),S({x} x N,£'\ {x}xN ® (D x % } M C))) £* 

S Hi(^5({a:} x iV,£'| {;c}><A , A ff • (A^ 1 )^)). 

□ 



DERIVATIVES FOR REPRESENTATIONS OF GL(n, ffi) AND GL(n,C) 



45 



Appendix B. Proof of Proposition 15.2.71 

The current formulation of the proposition and the proof written down in this Appendix arc results of 
a conversation of one of the authors with J. Bernstein. After writing it down we learnt that Proposition 
15.2.71 was proven by O. Gabber and written down by A. Joseph in his lecture notes |Jos80j . We decided 
to keep this Appendix for the convenience of the reader. 

We will need some lemmas on filtrations. 

Definition B.0.1. Two filtrations F and $ are called comparable if there exists k > such that for all 
i > we have ® l M C ¥ i+k M C § l+2k M. 

Lemma B.0.2. Suppose F and $ are comparable. Then there exist filtrations ^j, < j < 2k such that 
%M = F l+k M, & 2k M = <5> l + 2k M, and C ^) +1 M C *} +1 M C tfVj^M. 

Proof. Define := F l+k M + <P l+ ^M. □ 

Lemma B.0.3. Any two good filiations are comparable. 

Corollary B.0.4. Let <f> and ^ be 2 good filtrations on M. Then Gr$(Af) and Gr^(M) are Jordan- 
Holder equivalent. In particular, AV^(M) does not depend on the choice of good filtration <£>. 

Lemma B.0.5. Let F and $ be two filtrations on M such that F l M C ¥M C ¥ i+1 M C $ m A/ for any 
i > 0. Consider the natural morphism <f> : Grp-(M) — > Gr$(M) and let K := Kev(f>, and C := Cokcr<f>. 
Then C is isomorphic to the graded Gr(A)-module K[l] obtained from K by shifting the gradation by one. 

Proof. The i-th grade of <f> is the natural morphism F l M/F l - 1 M <& l M /$ l_1 M. Therefore K { = 
Q^M/F^M and C t = ^ i M/F i M. □ 

Corollary B.0.6. Suppose Gr(^4) is Noetherian. Let F and $ be two comparable filtrations on M . Then 
F is a good filtration if and only if $ is a good filtration. 

Proof. By Lemma [B~02l we may suppose that F i M C <S> l M C ¥ i+1 M C <f> i+1 AI for any i > 0. Recall 
that a filtration is good if and only if the associated graded module is finitely generated. Consider the 
exact sequence of Gr(A)-modulcs — > K — > Gtf(M) — > Gr$(M) —J- C from the previous lemma. Suppose 
that F is a good filtration. Then Gr^(M) is finitely generated and hence Noetherian. Thus so is K, and 
by the previous lemma so is C. Hence Gr$(M) is also finitely generated and hence $ is good. The other 
implication is proven in a similar way. □ 

The proof of Proposition 15 . 2 . 71 will be based on the following proposition from |Wail88l §§3.7]. 

Proposition B.0.7 (Casselman-Osborne). Let n denote the nilradical of the complexified Lie algebra of 
the minimal parabolic subgroup of G and 6 denote the complexified Lie algebra of the maximal compact 
subgroup of G. Let Zc(q) := U(q) g . Then 

There exists a finite- dimensional subspace E C U(q) such that 

U{q) 1 C U{n) l EZ G {Q)U{t) and therefore U{q) = U(n)EZ G ( 3 )U(t) 

Proof of Proposition \5^2. 7[ Let it £ M. HC (G). Let us first construct one n-good g-filtration. 

Let V C 7r be a finite dimensional A'-invariant and Zq -invariant generating subspace. Let E C U{q) 
be such that U(qY C U{n) l EZ G {Q)U{t), as in Proposition IB.0.71 Define F i := U{q) 1 V and $ l := 
UinfEV = U{n) l EZ G {Q)U{VjV. Note that $ 4 is a good n-filtration and that F i C $ 4 C F' l+k , where k 
is the maximal degree of an element in E. Thus, by Corollarv lB.0.61 F % is a good n-filtration. 

Now, let f l be any good g-filtration on 7r. By Lemma IB.0.31 /' is comparable to F % and thus, by 
Corollarv lB.0.61 f l is n-good. □ 

Appendix C. Examples for the notation of ^8.31 



In order to help the reader to read Notations 18.3.11 and 18.4.21 Lemma 18.3.21 and Corollary 18.3.41 we 
describe explicitly the objects discussed in them on one example. Let n = 6 and A = (1,3,2). Then 



m 



= 4, m\ = 6. Also, 
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In order to help the reader to read Lcmma r8.3.6l we describe explicitly the objects discussed there for 
= 2. Let A' = Ag_ 2+1 = A~T = (1, 2, 2). Then 



,,21 



/ 1 \ 

1 

1 

1 

\ 1 / 



,,22 



Id, 



w 



23 



/ 1 \ 

1 

1 
10 

y o o i o o / 



References 

AG08 A. Aizcnbud, D. Gourevitch: Schwartz functions on Nash Manifolds, International Mathematics Research Notices, 

Vol. 2008, n.5, Article ID rnml55, 37 pages. DOI: 10.1093/imrn/rnml55. Sec also arXiv:0704.2891 [math. AG]. 
AGIO A. Aizcnbud, D. Gourevitch: De-Rham theorem and Shapiro lemma for Schwartz functions on Nash manifolds. 

Israel Journal of Mathematics, Volume 177, Number 1, 155-188 (2010). See also arXiv:0802.3305v2 [math. AG], 
AG09 A. Aizcnbud, D. Gourevitch: Generalized Harish- Chandra descent, Gelfand pairs and an archimedean analog of 

Jacquet-Rallis' Theorem, Duke Mathematical Journal, Volume 149, Number 3,509-567 (2009). See also arXiv: 

0812.5063[math.RT], 

[AG] A. Aizcnbud, D. Gourevitch: Smooth Transfer of Kloostermann Integrals, arXiv:1001.2490[math.RT] , to appear 

in American Journal of Mathematics. 
[AOS] A. Aizcnbud, O. Offcn, E. Sayag: Uniqueness and disjointness of Klyachko models in the archimedean case, in 

preparation. 

[Bar03] E.M. Baruch, A proof of Kirillov's conjecture, Annals of Mathematics, 158, 207-252 (2003). 

[BB82] W. Borho, J.-L. Brylinski: Differential operators on homogeneous spaces, I, Invent. Math. 69 , pp. 437-476 (1982). 
[BB89] W. Borho, J.-L. Brylinski Differential operators on homogeneous spaces. II. Relative enveloping algebras. Bull. 

Soc. Math. France 117 (1989), no. 2, 167-210. 
[BCR98] J. Bochnak, M. Coste, M-F. Roy: Real Algebraic Geometry Berlin: Springer, 1998. 

[Ber84] J. Bernstein: P -invariant Distributions on GL(JV) and the classification of unitary representations of GL(iV) 

(non- archimedean case), Lie group representations, II (College Park, Md., 1982/1983), 50—102, Lecture Notes in 

Math., 1041, Springer, Berlin (1984). 
[BSS90] D. Barbasch, S. Sahi, and B. Spch: Degenerate series representations for GL(2n, R) and Fourier analysis. 

Symposia Mathematica, Vol. XXXI (Rome, 1988) 45-69 (1990). 
[BV78] D. Barbasch, and J. Vogan: The local structure of characters. Journal of Functional Analysis 37, 27-55 (1980). 
[BK] J. Bernstein, and B. Kroetz: Smooth Frechet Globalizations of Harish- Chandra Modules, arXiv:0812.1684. 
[BZ77] I.N. Bernstein, A.V. Zelevinsky: Induced representations of reductive p-adic groups. I. Ann. Sci. Ec. Norm. Super, 

4°serie 10, 441-472 (1977). 

[Cas89] W. Casselman: Canonical extensions of Harish- Chandra modules to representations of G, Can. J. Math., Vol. 

XLI, No. 3, pp. 385-438 (1989). 
[CHM00] W. Casselman, H. Hecht, D. Milicic: Bruhat filtrations and Whittaker vectors for real groups. The mathematical 

legacy of Harish-Chandra (Baltimore, MD, 1998), 151-190, Proc. Sympos. Pure Math., 68, Amer. Math. Soc, 

Providence, RI, (2000) 

[CM82] W. Casselman, D. Milicic: Asymptotic behavior of matrix coefficients of admissible representations. Duke Math. 
J. Volume 49, Number 4, 869-930 (1982). 

[CPS] J. Cogdell and I.I. Piatctski-Shapiro: Derivatives and L-functions for GL(n) , available at 
jhttpT77www.math.osu.edu/~cogdell/nioish-www.pdf To appear in The Heritage of B. Moishezon, IMCP. 

[CoMG93] D. Collingwood, W. McGovcrn: Nilpotent orbits in semisimple Lie algebras. Van Nostrand Reinhold Mathe- 
matics Series. Van Nostrand Reinhold Co., New York (1993). xiv+186 pp. 

[GM88] S. Gelfand, Y. Manin: Metody gomologicheskoi algebry. Tom 1. [Methods in homological algebra. Vol. 1] Vvedenie 
v teoriyu kogomologii i proizvodnye kategorii. [Introduction to the theory of cohomology, and derived categories], 
with an English summary. "Nauka", Moscow, 1988. 416 pp. 

[GS] D. Gourevitch, S. Sahi: Associated varieties, derivatives, Whittaker Junctionals, and rank for unitary representa- 
tions o}GL(n), arXiv: 1106.0454. 

[GS2] D. Gourevitch, S. Sahi: Degenerate Whittaker models for real reductive groups, in preparation. 

[Jan77] C.J. Jantzen: Kontravariente Former auf induzierten Darnstellungen halbeinfacher Lie-Algebren, Math. Ann., 
226, 53-65 (1977). 

[JosSO] A. Joseph: Application de la theorie des anneaux aux algebres enveloppantes. Lecture Notes, Paris (1980). 
[Jos85] A. Joseph: On the associated variety of a primitive ideal, Journal of Algebra 93 , no. 2, 509-523 (1985). 
[Kos78] B. Kostant: On Whittaker vectors and representation theory., Invent. Math. 48, 101-184 (1978). 
[Mat87] H. Matumoto: Whittaker vectors and associated varieties, Invent, math. 89, 219-224 (1987) 
[Rud73] W. Rudin -.Functional analysis New York : McGraw-Hill, 1973. 

[Sah89] S. Sahi: On Kirillov's conjecture for Archimedean fields, Compositio Mathematica 72, 67-86 (1989). 



-18 



AVRAHAM AIZENBUD, DMITRY GOUREVITCH, AND SIDDHARTHA SAHI 



[Sah90] S. Sahi: A simple construction of Stein's complementary series representations, Proc. Amer. Math. Soc. 108 
(1990), no. 1, 257-266. 

[Sah95] S. Sahi: Jordan algebras and degenerate principal series, J. reine angew. Math. 462(1995), 1-18. 
[Shi87] M. Shiota: Nash Manifolds, Lecture Notes in Mathematics 1269 (1987). 

[SaSt90] S. Sahi, E. Stein: Analysis in matrix space and Speh's representations, Invent. Math. 101, no. 2, pp 379-393 
(1990). 

[Tra86] P.E. Trapa: Annihilators and associated varieties of A q (\) modules for U(p,q), Compositio Math. 129 , no. 1, 
145 (2001). 

[Vog86] D. A. Vogan: The unitary dual of GL(n) over an Archimedean field, Invcntiones math 83, 449-505 (1986) 
[Vog81] D. A. Vogan: Representations of real reductive groups, Birkhauser, Boston-Basel-Stuttgart, (1981) 
[Wall88] N. Wallach: Real Reductive groups I, Pure and Applied Math. 132, Academic Press, Boston, MA (1988). 
[Wall92] N. Wallach: Real Reductive groups II, Pure and Applied Math. 132, Academic Press, Boston, MA (1992). 
[Zel80] A.V. Zelevinsky : Induced representations of reductive p-adic groups. II. On irreducible representations of Gl(n). 
Ann. Sci. Ec. Norm. Super, 4 e serie 13, 165-210 (1980) 

AVRAHAM AlZENBUD, MASSACHUSETTS INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS, CAMBRIDGE, MA 

02139 USA. 

E-mail address: aizenrOgmail.com 
URL: http : //math.mit . edu/~aizenr/ 

Dmitry Gourevitch, Faculty of Mathematics and Computer Science, Weizmann Institute of Science, POB 
26, Rehovot 76100, Israel 

E-mail address: dmitry.gourevitchSweizmann.ac.il 
URL: http : //www .wisdom, weizmann . ac . il/-dimagur 

SIDDHARTHA SAHI, DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, HlLL CENTER - BUSCH CAMPUS, 110 FREL- 

inghuysen Road Piscataway, NJ 08854-8019, USA 
E-mail address: sahiOmath.rugers.edu 



